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ABSTRACT. We introduce the notion of Gepner type Bridgeland 
stability conditions on triangulated categories, which depends on 
a choice of an autoequivalence and a complex number. We con- 
jecture the existence of Gepner type stability conditions on the 
triangulated categories of graded matrix factorizations of weighted 
homogeneous polynomials. Such a stability condition may give 
a natural stability condition for Landau-Ginzburg B-branes, and 
correspond to the Gepner point of the stringy Kähler moduli space 
of a quintic 3-fold. The main result is to show our conjecture when 
the variety defined by the weighted homogeneous polynomial is 
a complete intersection of hyperplanes in a Calabi-Yau manifold 
with dimension less than or equal to two. 
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1. INTRODUCTION 


1.1. Motivation. The Donaldson-Thomas (DT) invariants enumerate 
semistable coherent sheaves on Calabi-Yau 3-folds, which have drawn 
much attention recently [Tho00]. We are in interested in the following 
two problems in DT theory: 

e Find constraints among DT invariants induced by autoequiva- 
lences of the derived category of coherent sheaves, e.g. Seidel- 
Thomas twists [STOI]. 

e Construct DT type invariants counting B-branes on Landau- 
Ginzburg (LG) models associated to a superpotential. 

As for the former problem, there are several predictions in string the- 


ory on generating series of DT invariants, e.g. S-duality conjecture, 
Ooguri-Strominger-Vafa conjecture [DM], [OSV04]. There seem to be 
i 


2 YUKINOBU TODA 


mysterious constraints among DT invariants behind such predictions, 
and we hope to reveal their origins via symmetries in the derived cat- 
egory. We believe that a key step toward this problem is to construct 
a Bridgeland stability condition on the derived category sat- 
isfying a certain symmetric property with respect to the given au- 
toequivalence. Indeed a construction of a (weak) stability condition 
which is preserved under the derived dual, together with wall-crossing 
arguments [JS], [KS], play crucial roles in the proof of the rational- 
ity of the generating series of rank one DT type invariants counting 
curves [Brill], [Tod10b}, [Tod12]. 

As for the latter problem, in order to define the DT type invariants, 
we need to fix a stability condition for B-branes on LG models. A de- 
sired stability condition should be natural in some sense, so that it is 
an analogue of Gieseker stability on coherent sheaves. In a mathemat- 
ical term, if the superpotential is given by a homogeneous polynomial 
W, the relevant B-brane category is Orlov’s triangulated category of 
graded matrix factorizations HMF*(W) [Orl09]. For instance, sup- 
pose that W is the defining polynomial of a quintic Calabi- Yau 3-fold 
X c P*. Then a desired Bridgeland stability condition on HMF*(W) 
may correspond to the Gepner point (cf. Figure) of the stringy Kahler 
moduli space of X, via mirror symmetry and Orlov equivalence 


(1) D’ Coh(X) 5 HMF® (W). 


The Gepner point is an orbifold point in the stringy Kähler moduli 
space of X, with the stabilizer group Z/5Z. Such an orbifold data may 
be translated into a certain symmetric property of the corresponding 
Bridgeland stability condition, which we focus and pursue in this paper. 

Now we have observed a common keyword regarding the above two 
problems, that is a Bridgeland stability condition with a symmetric 
property. The motivating problem of this paper, which is rather ambi- 
tious and not able to do at this moment, is to find a natural stability 
condition on HMF®*(W), and apply its symmetric property to obtain 
non-trivial constraints among DT invariants on X, via Orlov equiva- 


lence and wall-crossing arguments [JS], [KS]. (cf. Subsection 
(iii).) 


C) <--- Large Volume Limit 


© <--- Conifold point 


<--- Gepner point 


FIGURE 1. Stringy Kähler moduli space of a quintic 3-fold 
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1.2. Gepner type stability conditions. As we discussed, we are in- 
terested in constructing a natural stability condition on HMF*(W). So 
far there are few works on this problem, except [KST07], [Tak], [Wal], 
which will be discussed later. A serious issue is that, since the category 
HMF®(W) is not a priori constructed as a derived category of some 
abelian category, it is not clear what is the meaning of ‘natural’. Our 
viewpoint is as follows: rather than constructing a stability condition 
in terms of graded matrix factorizations, we just extract and formulate 
the symmetric property of a desired stability condition, and try to find 
a one satisfying such a property. We formulate it as a Gepner type 
property, which depends on a choice of a pair of an autoequivalence 
and a complex number, given simply as follows: 


Definition 1.1. A stability condition o on a triangulated category D is 
called Gepner type with respect to (®, A) € Aut(D) x C if the following 
condition holds: 


(2) Oo =o (A). 


Obviously any stability condition is Gepner type with respect to 
([k], k) for k € Z, where [k] is the k-times composition of the shift 
functor [1]. On the other hand, there are several interesting examples 
in which the relation holds with respect to non-trivial pairs (®, A). 
As the name indicates, if X C P* is a quintic 3-fold, a Gepner type 
stability condition on D? Coh(X) with respect to the pair 


(3) (®,d) = (sto, o 90x(1), =) 


conjecturally corresponds to the Gepner point, where ST, is the 
Seidel-Thomas twist associated to Ox. The fraction 2/5 appears 
since the five times composition of the autoequivalence ® becomes the 
twice shift functor. This fact is best understood in terms of HMF®(W) 
via the equivalence (i), as the autoequivalence ® corresponds to the 
grade shift functor on the matrix factorization side. 

At this moment, it seems to be a difficult problem to construct a sta- 
bility condition on a quintic 3-fold corresponding to the Gepner point: 
we are not even able to construct a Bridgeland stability condition on a 
quintic 3-fold near the large volume limit point. (cf. [BMT].) However 
there is a plenty of examples of weighted homogeneous polynomials, 
which are more amenable than quintic polynomials, but enough inter- 
esting to study. The goal of this paper is to construct Gepner type 
stability conditions on graded matrix factorizations in some of such in- 
teresting cases. In the quintic case, an attempt to construct a Gepner 
point leads to a conjectural stronger version of Bogomolov-Gieseker in- 
equality among Chern characters of stable sheaves on quintic 3-folds. 
The detail in this case will be discussed in a subsequent paper [Tod]. 
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1.3. Gepner type stability conditions on graded matrix fac- 
torizations. Let W be a homogeneous element with degree d in the 
weighted polynomial ring 


W €A:=C[z1,22,---,%n], degr; =a; € Z 


such that (W = 0) c C” has only an isolated singularity at the ori- 
gin. The triangulated category of graded matrix factorizations of W, 
denoted by HMF®™(W), is defined to be the homotopy category of the 
dg category whose objects consist of data 


Po 2, Pt 2, pd) 

where P’ are graded free A-modules of finite rank, p are homomor- 
phisms of graded A-modules, P’ +> P’(1) is the shift of the grading, 
satisfying the following condition: 

pop =-W, p(djop' =-W. 
In [Orl09}, Orlov proved that the triangulated category HMF*(W) is 
related to the derived category of coherent sheaves on the stack 
(4) X := (W =0) C Play, += an) 


depending on the sign of the Gorenstein index 


nm 
Eis J a; — d. 
i=1 


Let T be the autoequivalence of HMF®™(W) induced by the grade shift 
functor P* + P*(1). We propose the following conjecture on the exis- 
tence of a Gepner type stability condition on HMF®™(W): 


Conjecture 1.2. There is a Gepner type stability condition 
aa = (Za, {Pa(?) }oer) E€ Stab(HMF*(W)) 
with respect to (T,2/d), whose central charge Zg is given by 
Zo(P*) = str(e’"V-/4, P*  P*). 


Here the e"V—"/4_action on P* is induced by the Z-grading on each P’, 
and ‘str’ is the supertrace which respects the Z/2Z-grading on P°. 


Similarly to the quintic case, the fraction 2/d appears since the d- 
times composition of 7 coincides with [2]. We propose that, if there 
is a desired stability condition og in Conjecture [1.2] then it may be 
employed as a ‘natural’ stability condition for graded matrix factor- 
izations. There are at least three reasons for this. Firstly the Gepner 
type property with respect to (7, 2/d) resembles the following property 
of the classical Gieseker stability on coherent sheaves: for a polarized 
variety (X, H), a coherent sheaf Æ on X is H-Gieseker semistable if 
and only if E & Ox(H) is H-Gieseker semistable. In this sense, the 
desired stability condition og seems to be a natural analogue of the 
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Gieseker stability on Coh(X) for graded matrix factorizations. Sec- 
ondly, the Gepner type property with respect to (7,2/d) turns out to 
be a very strong constraint for the stability conditions. Indeed, such 
a property characterizes the central charge Zg uniquely up to a scalar 
multiplication. (cf. Subsection 2.8]) Also in some cases, we see that 
oq is also unique up to shift (cf. Subsection and one may expect 
that this holds in general. Thirdly, if there is such og, then the øg- 
semistable objects have a nice compatibility with the Serre functor on 
HMF*"(W). As a result, the moduli space of ag-semistable objects 
should have good local properties, e.g. smoothness, with a perfect 
obstruction theory, etc, depending on the given data n,d,¢. (cf. Sub- 
section [I.5] (ii).) Therefore, whatever the way oq is constructed, it 
seems worth studying moduli spaces of ag-semistable objects, and the 
enumerative invariants defined by them. 


1.4. Result. Before stating our result, we mention the previous beau- 
tiful works by Takahashi and Kajiura-Saito-Takahashi [KST07]}. 
They study the triangulated category HMF®(W) in the following cases: 
n=a,=1 and n = 3, £ > 0 [KSTO7]. In these cases, they show 
that HMF®"(W) is equivalent to the derived category of representa- 
tions of a quiver of ADE type. As a result, HMF®(W) has only a 
finite number of indecomposable objects up to shift, which are com- 
pletely classified. Using such a classification, they construct a stability 
condition on HMF*"(W) by the assignment of a phase for each indecom- 
posable object. Their construction satisfies our Gepner type property, 
so Conjecture [1.2] is proved in these cases. (cf. Subsection [2.7}) 

From our motivation, we are rather interested in a case that there 
is an infinite number of indecomposable objects up to shift, which are 
hard to classify, and form non-trivial moduli spaces. For instance if 
€ <0, then the stack (4) is either Calabi-Yau or general type, and 
it seems hopeless to construct og via classification of indecomposable 
objects. Our main result, formulated as follows, contains such cases: 


(cf. Propositions 5. 10] 5.18] [5.26] ) 


Theorem 1.3. Conjecture [LJ is true ifn —4<e <0 and the stack 
X defined by does not contain stacky points. 


The assumption that X does not contain stacky points means that 
X is indeed a smooth projective variety. The inequality n—4 <e <0 
implies that X is contained in a Calabi-Yau manifold of dimension 
less than or equal to two as a codimension —e complete intersection of 
hyperplanes. These conditions are restrictive, and the possible types 
(a1,°-* ,an, d, W, X) are completely classified. The classification with 
n — £ = 3,4 and W of Fermat type is given in Table 1 below. 

Our strategy proving Theorem is as follows: by Orlov’s theo- 
rem [Orl09], the condition £ < 0 allows us to describe HMF*(W) as a 
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TABLE 1. Possible types in Theorem [1.3] 


n = (@,**+40,) d W X 
4 0 (1,1,1,1) 4 zî+gr3+r3+ri K3 surface 
4 0 (3,1,1,1) 6 z? +r +f +i K3 surface 
3 -1 (1,1,1) 4 rit+a25+23 genus 3 curve 
3 —1 (3,1, 1) 6 x? +x +x genus 2 curve 
2 —2 (1,1) 4 ri + 25 4 points 
2 —2 (3,1) 6 x? + x 2 points 
3 0 (1,1,1) 3 x? +3 +3 elliptic curve 
3 0 (2,1,1) 4 rj +3 +3 elliptic curve 
3 0 (3,2,1) 6 zi +a3+28 elliptic curve 
2 -1 (1,1) 3 +23 3 points 
2 -1 (2,1) 4 xe + x5 2 points 
2 -1 (3, 2) 6 tx 1 point 


semiorthogonal decomposition 
HMF®(W) = (C(—1 — £), --- ,C(0), YD’ Coh(X)) 


where W is a fully faithful functor from D’ Coh(X) to HMF*(W), and 
C(i) is a certain exceptional object. We show that there is the heart of 
a bounded t-structure on HMF®(W), given by the extension closure 


Aw := (C(—1 — £), --- ,C(0), Y Coh(X))ex. 


We describe the central charge Zg in terms of the generators of the 
heart Ay, and take a suitable tilting Ag of Aw using the description 
of Zg. We then show that the pair (Zg, Ag) determines a stability 
condition gg on HMF*'(W). It remains to show that og has a de- 
sired Gepner type property, and we reduce it to showing og-stability 
of certain objects in HMF®*(W). 

We show that the above construction works in the situation of The- 
orem However unfortunately, several case by case arguments are 
involved in the proof, and that prevents us to construct og beyond 
the cases in Theorem For instance, they contain the proofs of the 
inequalities of numerical classes of certain objects in Aw, which are re- 
quired in proving the axiom of Bridgeland stability for (Zg, Ag). They 
also contain checking the og-stability of some objects in HMF*(W), 
which we use to prove the Gepner type property of og. The above 
arguments are in particular hard if the image of Zg is not discrete. In 
the situation of Theorem fortunately, the image of Zg is always 
discrete and that makes our situation technically rather amenable. For 
instance the image of Zg is not discrete if d = 5, and the case of 
(a1, a2, d) = (1,1, 5) is not included in Table 1. Such a case will be dis- 
cussed in a subsequent paper , since it involves a subtle argument 
due to the above non-discrete issue. 
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Among the list in Table 1, the case of (n,¢) = (3, —1) seems to be 
the most interesting case, since we observe a new phenomenon relat- 
ing graded matrix factorizations and coherent systems on the smooth 
projective curve X. Recall that a coherent system on X consists of 
data 


V @0Ox 9 F 


where F is a coherent sheaf on X and V is a finite dimensional C- 
vector space. We show that the heart Aw is equivalent to the abelian 
category of coherent systems on X. In the construction of og, we see 
that a Clifford type bound on the dimension of V is involved. Such a 
Clifford type bound for semistable coherent systems is established by 
Lange-Newstead [LN08], and we apply their work. If X has a higher 
dimension, the conjectural construction of ag would predict a higher 
dimensional analogue of Clifford type bound for semistable coherent 
systems. In the case of a quintic surface, the detail will be discussed 


in [Tod]. 


1.5. Future directions of the research. We believe that the work of 
this paper leads to several interesting directions of the future research. 
We discuss some of them. 

(i) Descriptions of og-semistable objects in terms of graded 
matrix factorizations: As we discussed in the previous subsection, 
our construction of og relies on Orlov’s theorem, and it is not intrinsic 
in terms of graded matrix factorizations. It would be an interesting 
problem to see what kinds of graded matrix factorizations appear as og- 
semistable objects, and compare them with the R-stability discussed 
in string theory [Wal]. It may involve deeper understanding of Orlov 
equivalence, and we are not even able to give a mathematically rigorous 
candidate of the description of og purely in terms of graded matrix 
factorizations. 

(ii) Constructing moduli spaces of og-semistable graded ma- 
trix factorizations: It would be an important problem to construct 
moduli spaces of gg-semistable graded matrix factorizations, and study 
their properties. We expect that, using the argument of [Tod08), there 
exist Artin stacks of finite type 


Mealy) C May), y € HHo(W) 


which parameterize og-(semi)stable graded matrix factorizations P* 
with ch(P*) = y. Here HHo(W) is the zero-th Hochschild homology 
group of HMF*(W), studied in [Dyc11], [PV], [PV12]. On the other 
hand, we have the following vanishing for [P*] © M&(q): 


2 
Hom'(P*,P*)=0, i>n-2- = 
The above vanishing, which is proved in Lemma [2.18] is one of the im- 


portant properties of Gepner type stability conditions. Since the space 
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Hom'(P*, P*) is responsible for the local deformation theory of P*, the 
moduli space M&(y) would have good local properties depending on 
n,d,€,e.g. it is smooth if 4 > n—2¢/d, has a perfect obstruction theory 
if 5 > n — 2e/d. Such properties would be important in constructing 
counting invariants of graded matrix factorizations, even in a non-CY3 
situation. 

(iii) DT type invariants counting og-semistable graded ma- 
trix factorizations: Suppose that HMF®™(W) is a CY3 category. If 
Conjecture [1.2] is true, then (ii) would imply the existence of the in- 
variants 


DTe(y) €Q, 7 € HHp(W) 


which count gg-semistable matrix factorizations P*® with ch(P*) = y. 
The above invariants may give DT analogue of the Fan-Jarvis-Ruan- 
Witten theory in Gromov-Witten theory. Also, the Gepner type 
property of og should yield an important identity 


DT¢(7) = DTa(r9) 


The above identity, combined with Orlov’s equivalence and wall-crossing 
argument [JS], [KS], may imply non-trivial constraints among the orig- 
inal sheaf counting DT invariants on X induced by the autoequivalence 
STo,°0®Ox(1). Ifthe above story works, then it realizes an analogue of 
Calabi- Yau/Landau-Ginzburg correspondence in FJRW theory [CRIO]. 


1.6. Plan of the paper. In Section | we introduce the notion of 
Gepner type stability conditions and propose a conjecture on the ex- 
istence of Gepner type stability conditions on the triangulated cate- 
gory HMF®(W). We also discuss some examples of our conjecture, 
and their uniqueness. In Section B| we construct the heart Aw of a 
bounded t-structure on HMF®(W), and describe it in terms of quiver 
representations or coherent systems. In Section [4] we explain how to 
compute the central charge in terms of generators of Aw, and propose 
a general recipe on a construction of a Gepner type stability condi- 
tion. In Section E] we prove Theorem [L3] by applying the strategy in 
Section [4] 


1.7. Acknoledgement. The author would like to thank Kentaro Hori, 
Kyoji Saito and Atsushi Takahashi for valuable discussions. This work 
is supported by World Premier International Research Center Initiative 
(WPI initiative), MEXT, Japan. This work is also supported by Grant- 
in Aid for Scientific Research grant (22684002) from the Ministry of 
Education, Culture, Sports, Science and Technology, Japan. 


2. GEPNER TYPE STABILITY CONDITIONS 


In this section, we recall the definition of Bridgeland stability condi- 
tions on triangulated categories, group actions, and define the notion 
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of Gepner type stability conditions. We then recall Orlov’s triangu- 
lated categories of graded matrix factorizations, and discuss Gepner 
type stability conditions on them. 


2.1. Definitions. Let D be a triangulated category and K(D) its 
Grothendieck group. We first recall Bridgeland’s definition of stability 
conditions on it. 


Definition 2.1. ({Bri07|) A stability condition o on D consists of a 
pair (Z,{P($) } oer) 


(5) Z:K(D)+C, P(d) CD 


where Z is a group homomorphism (called central charge) and P(@) is 
a full subcategory (called o-semistable objects with phase @) satisfying 
the following conditions: 


For 0 4 E € P(¢), we have Z(E) € Ryo exp(/—I17¢). 

For all ¢ € R, we have P(¢ + 1) = P(¢)[1]. 

For $1 > ¢2 and E; E€ P(¢;), we have Hom(£}, E2) = 0. 

For each 0 # E € D, there is a collection of distinguished 
triangles 


Ei > E; > F; > Ei [1], En = E, Eo = 0 
with F; € P(¢i) and Qı = 2 ee > On. 


The full subcategory P(¢) C D is shown to be an abelian category, 
and its simple objects are called o-stable. In |Bri0’7|, Bridgeland shows 
that there is a natural topology on the set of ‘good’ stability conditions 
Stab(D), and its each connected component has structure of a complex 
manifold. 


Remark 2.2. The above ‘good’ conditions are called ‘numerical prop- 
erty’ and ‘support property’ in literatures. Although the above proper- 
ties are important in considering the space Stab(D), we omit the detail 
since we focus on the construction of one specific stability condition. 


Let Aut(D) be the group of autoequivalences on D. There is a left 
Aut(D)-action on the set of stability conditions on D. For ® € Aut(D), 
it acts on the pair (5) as follows: 


®,(Z, {P(¢) }ser) = (Z 0 ®*, {B(P($)) Joer). 


There is also a right C-action on the set of stability conditions on D. 
For A € C, its acts on the pair (5) as follows: 


(Z, {P(9)}4er) - (A) = (eZ, {P(¢ + Re A) } ger). 


The notion of Gepner type stability conditions is defined in terms of 
the above group actions. 
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Definition 2.3. A stability condition o on a triangulated category D is 
called Gepner type with respect to (®, A) € Aut(D) x C if the following 
condition holds: 


(6) Oo =0- (A). 
Here we give some trivial examples: 


Example 2.4. (i) For k € Z, any stability condition o on a triangu- 
lated category D is Gepner type with respect to ([k], k). 
(ii) Let A be an abelian category and Z a group homomorphism 


Z: K(A) 9 C 


such that Z(A \ {0}) is contained in RyoeY'™ for some 0 € R. We 
set P(d) for ọ € [0,0 + 1) to be 


P(0) =A, P(d) = {0} ifọ € (6,041). 


Other P(¢) are determined by the rule P(@+1) = P(¢)[1]. Let ® 
be an autoequivalence of D°(A) which preserves A. Then the pair 
(Z,{P(¢)}ser) is a Gepner type stability condition on D?(A) with re- 
spect to (®,0). 


Remark 2.5. A Gepner type stability conditions as in Example (ii) 
appears at a point in the space of stability conditions on X = wp 
studied by [BM11]. Such a point corresponds to the orbifold point in 
the stringy Kahler moduli space of X, and A is the abelian category of 
representations of a McKay quiver. The autoequivalence ® is given by 


p = STo,2 o 8 Ox(1) 
which induces the automorphism of the McKay quiver. 


As we will see, there will be more interesting examples of Gepner 
type stability conditions on triangulated categories of graded matrix 
factorization. 


2.2. Triangulated categories of graded matrix factorizations. 
Here we recall Orlov’s construction of triangulated categories of graded 
matrix factorizations |Orl09}. Let A be a weighted graded polynomial 
ring 


(7) A := C[z1, £2,- iEn; deg x; = i 


and W € A a homogeneous element of degree d. Throughout of this 
paper, we always assume that a, > az > --- > an, and (W =0) c ©” 
has an isolated singularity at the origin. For a graded A-module P, we 
denote by P; its degree i-part, and P(k) the graded A-module whose 
grade is shifted by k, i.e. P(k); = Pisk- 
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Definition 2.6. A graded matrix factorization of W is data 
0 1 
(8) P? B P! B P°(d) 
where P? are graded free A-modules of finite rank, p? are homomor- 
phisms of graded A-modules, satisfying the following conditions: 
pop’ =W, p'(d)op' =-W. 

The category HMF®"(W) is defined to be the homotopy category of 

graded matrix factorizations of W. Its objects consist of data (8), and 


the set of morphisms are given by the commutative diagrams of graded 
A-modules 


0 1 
po_* , Pt- Pad) 


an in ie 
q? q! 
Q° —> a Q°(d). 
modulo null-homotopic morphisms: the above diagram is null-homotopic 
if there are homomorphisms of graded A-modules 


ho: P= Q*(-d), A’: PH> Q? 
satisfying 
fl=q(-d)oh?+hop’, f= q oh +h (d) op. 


The category HMF®™(W) has a structure of a triangulated category. 
The shift functor [1] sends data (8) to 


er!) 
PZ pa) 24% 


P*(d) 


and the distinguished triangles are defined via the usual mapping cone 
constructions. The grade shift functor P* ++ P*(1) induces the autoe- 
quivalence T of HMF®'(W), which satisfies the following identity: 


(9) 7X4 = [2]. 


There is also a Serre functor Sw on HMF®(W), described by 7, n and 
the Gorenstein index e. The number e is defined as 


The Serre functor Sw on HMF®™ (W) is given by (for instance see [KST09} 
Theorem 3.8]) 


(10) Sw =T *|[n— 2]. 


The above description of the Serre functor will be used later in this 
paper. 
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2.3. Relation to the triangulated categories of singularities. 
The triangulated category HMF*'(W) is known to be equivalent to the 
derived category of singularities of the hypersurface singularity (W = 
0) c C”. This equivalence is often useful in doing some computations 
of matrix factorizations. 

Let R be the graded ring R = A/(W) and gr-R the abelian category 
of finitely generated graded R-modules. We denote by D°(grproj-R) 
the subcategory of D°(gr-R) consisting of perfect complexes of R- 
modules. The triangulated category of singularities is defined to be 
the quotient category 


T — b b : 
D§(R) := D’(gr-R)/D’(grproj-R). 
The following result is proved in [Orl09]: 


Theorem 2.7. ({Orl09! Theorem 3.10]) There is an equivalence of tri- 
angulated categories 


(11) Cok: HMF*(W) + D&(R) 
sending a matrix factorization (8) to the cokernel of p°. 


The cokernel of p? is easily checked to be annihilated by W, so it is 
R-module. Obviously the equivalence commutes with grade shift 
functors on both sides, so we use the same notation 7 for the grade 
shift functor on D&(R). 

Let 


(12) m = (ge , 2n) C R 


be the maximal ideal and set the graded R-module C(j) to be (R/m)(J). 
The graded R-module C(j) determines an object in D&(R). The ma- 
trix factorization given by 


Cok~!(C(j)) € HMF®"(W) 


plays an important role. By [Dyc11| Corollary 2.7], it is given by the 
matrix factorization of the form 


2k+1 5 2k 
13) @ A m/m @ Adk + j) > DB NA m/m 8 A(dk + j) 
k>0 k>0 
i 2k+1 
2, M N m/m @ A(dk +k + j). 
k>0 


We omit the descriptions of the above morphisms p°, p', as we will not 
use them. By an abuse of notation, we abbreviate Cok~! and denote 
by C(j) the matrix factorization given by (8). 
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2.4. Conjecture on the existence of Gepner type stability con- 
dition. We are interested in constructing a natural stability condition 
on HMF®(W). We require that such a stability condition is preserved 
under the grade shift functor T in some sense. This might be an ana- 
logues property for the classical H-Gieseker stability on a polarized 
variety (X,H): H-Gieseker semistable sheaves are preserved under 
@Ox(H). Because of the identity (Q), the expected stability condi- 
tion is not exactly preserved by 7 but the phases of semistable objects 
should be shifted by 2/d. This is nothing but the Gepner type property 
with respect to (7, 2/d). 

There is a natural construction of a central charge Zg which might 
give a desired stability condition, and already appeared in some arti- 
cles [KSTO7], [Tak], [Wal]. For a graded matrix factorization (8), its 
image under Zg is symbolically defined by 


(14) str(e2"V-/4, p* 4 P*). 
Here e2"V~1/4_action is given by the C*-action on P* induced by the 
Z-grading on each PŻ, and the ‘str’ means the super trace of e2"¥—!/4, 


action which respects the Z/2Z-grading of P? = P° @ Pt. More pre- 
cisely, since P’ are free A-modules of finite rank, they are written as 


P = BD Aln), Nij E Z. 
j=1 
Then (24) is written as 
y ( e2no,jmv—T/d _ ee) 


j=l 


Example 2.8. Let C(0) be the matrix factorization given by for 
j =0. By the definition of Zg, we have 


Zc(C(0)) = oe + 5 e720 Haiz tig )tV=T/d 4, 


i=1 i1 <q <i3 


=e ` e72 +a jn —I/d _ ` 


14 <i2 i1 <io <13 <4 


2 I] (1 = ee) + 0. 
j=1 


It is easy to check that (4) descends to a group homomorphism 
Za: K(HMF®(W)) > C. 


Indeed, Zg is one of the components of the Chern character map of 
HMF®(W) constructed in [PV12]. (cf. Remark .16}) As we stated in 
the introduction, we propose the following conjecture: 
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Conjecture 2.9. There is a Gepner type stability condition 
Ja = (Za, {Pa(¢)} ser) € Stab(HMF*(W)) 
with respect to (T,2/d), where Zg is given by (14). 


Note that the central charge Zg satisfies the condition (6) with re- 
spect to (7, 2/d) by the construction. The problem is to construct full 
subcategories Pg(¢) C HMF*"(W) satisfying the desired property. 


Remark 2.10. The image of Za is contained in Zle", which 
may or may not be discrete depending on d. For instance, it is discrete 
if d= 3,4,6, but not so ifd = 5. 


2.5. The case of n = 1. As a toy example of Conjecture 2.9] let us 
consider the case of n = 1, i.e. 


W = x? € Cjr], degg = a. 


The case of a = 1 is worked out in [Tak]. In this case, the triangulated 
category HMF®(W) is equivalent to the derived category of the path 
algebra of the Dynkin quiver of type Ag_1. As a result, we have a 
complete classification of indecomposable objects in HMF*(W), given 
by 


Qu i= {AG -D S AG) AG -1+a)} 


for 1 <l < d-— 1 and j € Z. Note that Q;ı coincides with C(j) given 
by (18). We set ¢(Q;1) € Q to be 
1 l 2j 
Maem ea 
For @ € R, we define Palo) C HMF®(W) to be the subcategory 
consisting of direct sums of objects Q; with ¢(Q;1) = ¢. Then the pair 
oca = (Za, {Pa(¢)}ser) is shown to be a desired stability condition in 
Conjecture [2.9] by [Tak]. The case of a > 1 follows from the following 


lemma: 


Lemma 2.11. Let A be the graded ring (7), a € Zs, the greatest 
common divisor of (a1, -> ,an), and set a, = a;/a. Let A’ be the graded 
ring defined by 


A’ = Cla), £a eh], degg; = aj. 
For a homogeneous element W € A of degree d, we regard it as a 
homogeneous element W' € A’ of degree d' = d/a by the identification 
zi = xi. Then if Conjecture holds for W' € A’, then it also holds 


forW €A. 


Proof. There is an obvious fully-faithful functor as triangulated cate- 
gories 


i: HMF? (W^ 3 HMF? (W) 
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by multiplying a to each grading of A’-modules which appear in the 
LHS. If 7’ is the grade shift on HMF®"(W’) and Zg the central charge 
(14) for HMF*"(W’), we have 

(15) T oi=ioT, Le61= Zo. 

Also note that if there is a non-zero morphism of graded A-modules 
A(m) > A(n), then m—n is divisible by a. This implies that HMF® (W) 
has the following orthogonal decomposition: 


(16) GHMF® (W’), iHMF®(W'), +- , r HMF (W). 


Suppose that (Zg, {Po(¢)}ser) is a Gepner type stability condition on 
HMF*'(W’) with respect to (7',2/d'). We set Pg(¢) as follows: 


Pol) = [Bro : Q; E iP% (o- 2). 


By and (16), it is easy to check that (Ze, {Pe(¢)} ser) is a Gepner 
type stability condition on HMF®(W) with respect to (7, 2/d). 


Combined with the argument for n = a, = 1, we obtain the following 
corollary: 


Corollary 2.12. Conjecture B.J is true ifn = 1. 


2.6. Remarks for the case of n = 2. We discuss Conjecture 22.9] in 
some more cases with small n. By Corollary [2.12] the next interesting 
case may be n = 2. In this case, the problem is trivial when € > 0. 
Indeed it is easy to check that 


HMF®(W) = {0}, n=2, e>0 


by using the equivalence (I). On the other hand, the triangulated 
category HMF®(W) is non-trivial when ¢ = 0. In this case, by applying 
the coordinate change if necessary, we may assume that 


W = T1ıT E Clx1, xə] 


with a; and az coprime by Lemma B.II] Similarly to the case of n = 1, 
it turns out that there is only a finite number of indecomposable objects 
up to shift in HMF®(W). They consist of the objects 


CUA], 0O<j<d-1, kez 


where C(j) is given by (13). Furthermore each indecomposable objects 
are mutually orthogonal. The above fact can be easily checked, for 
instance using Orlov’s theorem [Orl09], as given in Example 8.4] below. 
A desired stability condition øq in Conjecture is constructed as 
follows: we first choose ġo € R so that Ze(C(0)) € Rye?" and set 
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We define Pg(¢) to be the subcategory consisting of direct sums of 
indecomposable objects with ¢(*) = @. Then by the above argument, 
o = (Za, {Pa(¢)}eer) gives a desired stability condition. As a sum- 
mary, we have the following: 


Proposition 2.13. Conjecture [P.J] is true ifn =2 and € > 0. 


The situation drastically changes when n = 2 and e < 0. For in- 
stance, let us consider the case 


W = xt A. € C[z1, £2], dega,=1,d> 3. 


Even in such a simple case, Conjecture 2.9] seems to be not obvious, 
and it requires a deep understanding of the category HMF®™(W). The 
above case is treated in this paper when d < 4. The d = 5 case will be 
studied in [Tod]. 


2.7. Remarks for the case of n = 3. Suppose that n = 3 and € > 0, 
the case studied by Kajiura-Saito-Takahashi |KST07|. In this case, W 
is classified into the following ADE types [Sai87]: 


U1xXo+ a? A) (l > 1) 

x? + £2r3 +25) Dı (l>4) 
W (x1, £2,£3) = $ at+234+ 23 Es 

L? +r tor? Er 

L? +r +3 Eg. 


Furthermore, the triangulated category HMF*"(W) is equivalent to the 
derived category of quiver representations of a Dynkin quiver of the 
corresponding ADE type. As a result, the category HMF® (W) is shown 
to have only a finite number of indecomposable objects up to shift, 
which are completely classified. Similar to the case of n = 1 (which is 
also interpreted as an A;-case in the above n = 3, £ > 0 list by Knorrer 
periodicity [Kno87|) they assign phases to classified indecomposable 
objects, and prove the following: 


Theorem 2.14. ([KSTO7| Theorem 4.2]) Conjecture[2.9 is true ifn = 
3 ande >Q. 


Conjecture 2.9]in the case of n = 3 and £ < 0 is not obvious, and a 
part of this case is treated later in this paper. 


2.8. Uniqueness of the central charge. It is a natural question 
whether the Gepner type property uniquely characterize og or not in 
some sense. As for the central charge, this is true: Zg is characterized 
by the Gepner type property with respect to (7,2/d) up to a scalar 
multiplication. Indeed we are only interested in central charges which 
factors through the Chern character map 


ch: HMF®(W) — HH (W). 
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The RHS is the Hochschild homology group of HMF®'(W), or more 
precisely of its dg enhancement. A general theory on Hochschild ho- 
mology groups and Chern character maps on HMF®"(W) is available 
in [Dyc11], [PV], [PVTA. 

Because K(HMF®™(W)) is not finitely generated in general, it would 
be more natural to define the set of central charges on HMF®(W) as 
the dual space HHo(W)“, rather than the original one in Definition 
On the other hand, the autoequivalence r on HMF®™(W) defines the 
linear isomorphism 


m: HH,(W) > HH,(W). 


The above isomorphism induces the isomorphism 7,’ on the space of 
central charges HHp(W)Y. The Gepner type property requires the cen- 
tral charge, regarded as an element in HHo(W)Y, to be an eigenvector 
with respect to 7Y with eigenvalue e™V—-1/d_ The lemma below shows 
that such an eigenspace is one dimensional. 


Lemma 2.15. The eigenspace of T,-action on HH,(W) with eigenvalue 
e*?=v-1/4 is one dimensional, and contained in HHo(W). 


Proof. We consider the G := ua-action on C”, given by 
e2tv—1/d : (x1, a En) = (Tg nae Re Idg). 


By Theorem 2.6.1 (i)], HH,(W) is given by 
(17) HH, (W) = GH(C2, W,)°. 


YEG 


Here H(C", W) is defined by 
A(C",W) := (Clay, +--+ , £n]/ (ôr W,- , 8r, W) ) dry A+++ A dEn 


and the space H(C}, W, ) is given by applying the above construction 
for 


C3 := {x E€ C": y(x) =x}, Wy :=Wce. 


Since T** = [2] on HMF®™(W), we have 7X¢ = id on HH,(W). This 
implies that 7. generates the Z/dZ-action on HH,(W). By Theo- 
rem 2.6.1 (ii)], the decomposition coincides with the character de- 
composition of HH,(W) with respect to the above Z/dZ-action. There- 
fore, noting that C”,,, 4 = {0}, the desired eigenspace is one dimen- 
sional by 


H(Ch rva» W torva) = C. 


By the grading of HH,(W) given in [PV| Theorem 2.6.1], the above 
eigenspace is contained in HHo(W). 
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Remark 2.16. For E € HMF®(W), the y = e"v—'/4-component of 
ch(E) in the decomposition coincides with the central charge Za 
defined by (I4). (cf. Theorem 3.3.3].) In particular Zg is given 
by an element in HHo(W)Y, which gives a basis of the eigenspace of 
TY -action with eigenvalue e2"V—1/4, 


Remark 2.17. Obviously the set of Gepner type stability conditions 
with respect to (7,2/d) is preserved under the natural right action of C 
on Stab(HMF*'(W)). By Bridgeland’s deformation result The- 
orem 7.1], Lemma[2.15] implies that the set of such stability conditions 
forms a discrete subset in the quotient space Stab(HMF*(W))/C. 


2.9. Uniqueness of ag. There are some cases in which not only Ze 
but also og is characterized by the Gepner type property. At least 
this is the case when all the indecomposable objects should become 
semistable. We first note the following lemma, which is an important 
property of Gepner type stability conditions: 


Lemma 2.18. Suppose that W € A satisfies Conjecture[2.9 and og = 
(Za, {Pa(¢)}éer) is a Gepner type stability condition with respect to 
(7,2/d). For ¢; E R with i = 1,2 and k € Z, suppose that the following 
inequality holds: 


2 
(18) $> dy tn—k—-2-—. 


Then for any F; € Palgi), we have Hom? (Fy, F,) = 0. 
Proof. By the Serre functor given by (10), we have the isomorphism 
(19) Hom( Fo, F,[k]) S Hom(F,, r° (F2)[n — k — 2)”. 
By the Gepner type property with respect to (7,2/d), we have 
2 
T °(F2)[n — k — 2] € Pa (2+n-4-2-2) 


By the inequality (18), the phase of F is bigger than that of the above 
object, hence the RHS of (19) vanishes. 


Using the above lemma, we show the following proposition: 


Proposition 2.19. In the same situation of Lemma[|2.18&, suppose that 
the following inequality holds: 
(20) (n — 3)d < 2e. 


Then all the other stability conditions satisfying the conditions in Con- 
jecture [2.9 are obtained as [2m],oq form € Z. 


Proof. Let us take F; € Palgi), i = 1,2 with d1 > $2. Then Lemma2.18 
and the assumption (20) show that Hom’ (F>, F,) = 0. This implies 
that any object in HMF®*'(W) whose Harder-Narasimhan factors are 
F, F decomposes into the direct sum of F} and Fy. Repeating this 
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argument, any object Æ € HMF®™(W) decomposes into the direct sum 
of og-semistable objects. In particular any non-zero indecomposable 
object EF € HMF®*"(W) is og-semistable, whose phase is denoted by 
OE: 

Let us fix a non-zero indecomposable object M € HMF®'(W). By 
the result of Theorem 5.16], the objects 7’(M),0 <i<d-1 
generate the triangulated category HMF*(W). Therefore for any non- 
zero indecomposable object Æ € HMF*(W), there is 0 <i < d—1 and 
j € Z such that Hom(E,7‘(M)[j]) 4 0. This implies that 


. 2i 
QE Sj+ou+—. 


Also by the Serre functor (10), we have Hom(r’(M)[j], Sw(E)) 4 0, 
which implies that 


; 2i 2e 
Irom =n ara I < oe. 
Combined with the assumption (20), we obtain 
. 21 2i 
(21) $r E |jtout——ljteut—]. 


Now suppose that o@ is another stability condition which satisfies the 
condition in Conjecture 2.9} Then there is m € Z such that the phase 
of M with respect to |-2m],oG@ coincides with dy. If o's is the phase 
of the indecomposable object E with respect to [—2m].oG, then @p is 
also contained in the RHS of (21). Since both of the central charges of 
og and [—2m],.0G@ are the same Zg, it follows that ¢/, = dz. Therefore 
og = [2m].cg follows. 


The proof of Proposition [2.19] immediately implies the following: 


Corollary 2.20. In the same situation of Proposition [2.19 there is a 
function @(*) from the set of indecomposable objects in HMF*(W) to 
real numbers such that Pg(@) consists of direct sums of indecomposable 
objects E with o(E) = ¢. 


Remark 2.21. The inequality (2Q) is satisfied in the cases of Corol- 
lary[2.14 Theorem[2.13 and Theorem|2.14| In the list of Table 1, it is 
satisfied except (n,¢) = (4,0) and (3, —1). 

Remark 2.22. If we believe Conjecture the proof of Proposi- 
tion predicts that Zg(E) 4 0 for any non-zero indecomposable 
object E € HMF®(W) as long as the inequality (2Q) is satisfied. This 
seems to be not an obvious property of graded matrix factorizations. 


3. T-STRUCTURES ON TRIANGULATED CATEGORIES OF GRADED 
MATRIX FACTORIZATIONS 


In this section, we construct and study the hearts of bounded t- 
structures on HMF®*"(W), via Orlov’s theorem relating HMF*(W) with 
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the derived category of coherent sheaves on (W = 0). In what follows, 
we use the same notation in the previous section. 


3.1. Orlov’s theorem. In [Orl09|, Orlov proves his famous theorem 
relating the triangulated category HMF® (W) with the derived category 
of coherent sheaves on the Deligne-Mumford stack 


(22) X := (W =0) C Plat, , an). 


Using the notation in Subsection 2.3] Orlov’s theorem is stated in the 
following way: 


Theorem 3.1. ([Or109) Theorem 2.5]) 
(i) Ife > 0, there is a fully faithful functor 


®;: HMF? (W) > D’ Coh(X) 
such that we have the semiorthogonal decomposition 
D’ Coh(X) = (Ox(-i — £ +1), ,Ox(—i), 09; HMF*"(W)). 
(ii) Ife <0, there is a fully faithful functor 
U,;: D? Coh(X) => HMF*"(W) 
such that we have the semiorthogonal decomposition 
(23) HMF®(W) = (C(-i—e),---,C(-i+1), YD’ Coh(X)). 
In particular Y; is an equivalence ife = 0. 


In this paper we deal with the case of e < 0, so we only explain the 
construction of V;. It is the composition of the following functors: 


(24) W,: D’Coh(X) $ D*(gr-R) 5 D&(R) °% HMF*(W) 


where Cok”! is the inverse of (IJ), 7 is the natural projection and Rw; 
is defined by 


(25) Rw;(E) := GDR Homo, (Ox, E(j)). 


j2t 


The functor WV; is not compatible with grade shift functors. If € = 0, 
i.e. X is a Calabi-Yau stack, then their difference is described by a 
Seidel-Thomas twist functor on D? Coh(X) 


ST z(*) := Cone (R Homo, (E, *) ® E > x) 


for a spherical object Æ € D? Coh(X), e.g. a line bundle. The following 
result is suggested by Kontsevich and proved in |BFK12]: 
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Proposition 3.2. ([BFK12| Proposition 5.8]) Jf e = 0, the following 
diagram commutes: 


D? Coh(X) —'> HMF*(W) 


n| F 


Y; 


D> Coh(X) —> HMF® (W). 
Here F; = STox(—i+1) o® Ox(1). 


Remark 3.3. Jn [BFK12) Proposition 5.8], a comparison result similar 
to Proposition[3. is obtained also fore #0. We only mention the case 
of € = 0 since we only use the result in this case. 


Example 3.4. Let us consider the case of n = 2 and € = 0. In the 
same situation as in Subsection [2.6, we have 


X & [pt/Za] | | [pt/Za.] - 


Here Za, ‘= Z/a;Z acts on the smooth one point pt trivially, and |*/x| 
means the quotient stack. Therefore we have the orthogonal decompo- 
sition 


D’ Coh(X) = (Vy, ar Ane Vy, =e ae 


for one dimensional Zq,-representations Vv? with weight j. By Propo- 
sition the equivalence Y, identifies r on HMF®(W) with Fy = 
STo, ° ® Ox(1). The equivalence Fı transforms V? in the following 
way: 


Ve Vin. eye 
= Vy [I Ve? Ll] v. 
In particular HMF®™(W) has the description stated in Subsection [2.61 


3.2. Construction of t-structures. In this subsection, we construct 
the hearts of bounded t-structures on HMF®*(W) when e < 0. We 
introduce the following notation: for a triangulated category D and a 
set of objects S C D, we denote by (S}ex the extension closure of S, i.e. 
the smallest extension-closed subcategory of D which contains objects 
in S. The constructions of our hearts are based on the semiorthogonal 
decomposition and the following well-known fact: 


Lemma 3.5. Let D be a triangulated category and 

D= (Dy, , Da, D1) 
a semiorthogonal decomposition. Suppose that C; C D; are hearts of 
bounded t-structures satisfying Hom<°(C;,C;) = 0 for j > i. Then 


there is a bounded t-structure on D whose heart C is given by (Ci: 1 < 
tN ee 
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Proof. The result is obviously reduced to the case of N = 2, which is 
proved in [CP10} Lemma 2.1]. 


Remark 3.6. In the situation of Lemma|8.4, any object E € C admits 
a filtration 


0O=Eyo CHK C::--CHEn=E 
such that E;/E;_1 is an object in C;. 
Remark 3.7. Jf the abelian category Ci is generated by an exceptional 
object F; € Ci, then the heart C is the extension closure (Fy, -+ , Fi)ex- 


In this case, the sequence (Fy,-:: , Fo, Fi) is called an ext-exceptional 
collection. 


We have the following proposition: 


Proposition 3.8. Suppose thate < 0. For eachi € Z, there is a 
bounded t-structure on HMF®™(W) whose heart A; is given by 


A; = (C(—i —«),--+ ,C(—i + 1), Y; Coh(X)) x. 


Proof. By following Orlov’s argument in [Orl09| Theorem 2.5], we see 
the following: there is an admissible subcategory 7; C D°(gr-R) with 
a semiorthogonal decomposition 


(26) T; = (C(—i —e),--- ,C(—i+ 1), Rw,D® Coh(X)) 
and an equivalence 
Ti > HMF® (W) 


which identifies the semiorthogonal decomposition with the RHS of 
(23). Here Rw); is the functor defined by (25). Therefore by Lemma B-5] 
it is enough to show that 


(27) Homa CULEG = 0 

(28) Hom’ p(C(J), Rw; Coh(X)) = 0 

for j,j’ € [-i + 1,—i — £] with 7’ < j. The assertion is obvious 
since C(j) is a simple object in the heart gr-R C D°(gr-R). As for the 


assertion (28), since we have Rw;(F) € D=°(gr-R) for F € Coh(X), it 
follows that 


(29) Hom; 2(C(J), Rwi(F)) = Hom, RCO), wi(F)). 


Here w;(F’) € gr-R is the zero-th cohomology of Rw;(F’). Since w;(F’) € 
gr-R is concentrated on degree > i parts, and C(j) is on degree < i 
parts, the vector space (29) vanishes. 


In what follows, we always assume that € < 0. We only focus on the 
case i = 1 in the above proposition: 
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Definition 3.9. Suppose thate <0. We define Aw := A, and Y := 
Fi, i.e. 


(30) Aw =(C(-1—£), = ,C(0), Y Coh(X))ex. 


3.3. Description of certain objects in Aw. This subsection is de- 
voted to investigate some objects in Aw, which will be used later. By 
definition, we call a closed point x € X stacky if the stabilizer group at 
x is non-trivial. Let us describe Y(0,) for a non-stacky point xz € X. 
Note that X is a closed substack 


X c [(C*\ {0})/C] 


where C* acts on C” via weight (a),--- ,a@,). Hence x € X is repre- 
sented by a point (p1,--- , Pn) E€ C”. We define the graded R-module 
M(x) to be 


(31) M(x) <= De; 


where e; is concentrated on degree j, and the action of x; sends ej to 
Pi€j+a,- Obviously if x € X is non-stacky, then Rw;(O,) is a graded 
R-module and isomorphic to M(x). The object (O,) is obtained by 
applying the inverse of to M(x), after regarding it as an object in 
D&(R). Using the above description, we have the following lemma: 


Lemma 3.10. For any non-stacky point x € X, we have the exact 
sequence in Aw 


(32) 0 > W(O,) > r¥(O,) > C(0) > 0. 


Proof. The result obviously follows from the following exact sequence 
as graded R-modules 


0 > M(x) > M(x)(1) > C(0) > 0. 


Next let us consider the following object 
C(—e) € HMF*(W). 


The above object is described in terms of the generators of Aw. We 
have the following lemma: 


Lemma 3.11. We have C(—e)|—-1] € Aw. Furthermore there is a 
filtration in Aw 


0 cC E C Eo C+ C Ei- = C(-e)[-1] 
such that the following holds for 0 < i < —1 — € 
E = V(wx), E;/Ei—1 = C(i) Q Rie. 
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Proof. Let m C R be the maximal ideal (12). We have the exact 
sequence in gr-R 

0 + m(—£) > R(—£) > C(-e) > 0 
which implies C(—e)|-1] = m(—e) in D&(R). Let m>; C m be the 
ideal generated by monomials with degree greater than or equal to 7. 
We have the following filtration in gr-R 


(33) M>1—e C M>- C++ C M>2 C Ms, =™M 
such that the following holds: 
(m>j/Msj41) (E) = C(-j —€) @ Rp 1<j 2 -e 


Therefore it is enough to show that m>1-e(—€) is isomorphic to Rw (wx) 
in gr-R. Since wx & Ox(—e) and H*(X,wx(j)) S 0 for k # 0 and 
j > 1, we have 


Ru(wx) S prex, Ox(—e + j)). 


Obviously the RHS is isomorphic to m>1-e(—€) as a graded R-module. 


The above lemma can be applied to do some computations on the 
left adjoint of Y, denoted by 


w+: HMF®(W) > D’ Coh(X). 
We have the following lemma: 
Lemma 3.12. The object U"(C(0)) is isomorphic to Ox[1]. 


Proof. Let Y? is the right adjoint of W. Note that WU’ and YE are 
related by 


P” = Sy! o V? o Sw 
where Sx = &wy[n — 2] is the Serre functor of D? Coh( X). By (10), 
we have 
TACO) & Sz! o t Cahn] 
= Sy (wx) — 2 
= Ox[1]. 


Here the second isomorphism follows from Lemma B.I] 


Remark 3.13. By the above lemma, it follows that 
Homjmre(w)(C(0), V(O,)) = Homx (Ox, Oz) 


which is one dimensional for x E€ X. Since TV(O,) is indecomposable, 
the exact sequence is a unique non-trivial extension. 
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Remark 3.14. For F € Coh(X), suppose that Rw,(F’) is a graded R- 
module. Then Lemma|3.1Q and the argument in Proposition [3.8 imply 


Ext}. p(C(0), Rwi(F)) = H°(X, F). 
For u € H°(X, F), we have the corresponding extension in gr-R 
0 > Ru, (F) > Ma > C(0) > 0. 


The graded R-module M, is described in the following way: as a graded 
C-vector space, it is the direct sum C(0) @ Rw, (Ff), and the action of 
zi E€ R sends 1 € C(0) to u - x; € H°(X, F(1)). 


3.4. Description of Aw via quiver representations. In this sub- 
section, we assume that n = 2 and describe the heart Aw in terms of 
certain quiver representations. In this case, X is a smooth zero dimen- 
sional Deligne-Mumford stack, and Coh(X) is generated by mutually 
orthogonal exceptional objects. Therefore by (80), the abelian cate- 
gory Ay is the extension closure of an ext-exceptional collection. We 
first compute other Hom groups between these exceptional objects, and 
then describe Aw via the ext-quivers with relations. 

For some technical reason, we assume that X does not contain stacky 
points, so it consists of finite number of smooth points. Then, after 
applying the coordinate change if necessary, W is written as 


W = xıWı + TW 


for some homogeneous elements W; € A such that x, (resp. x2) does 
not divide W> (resp. W1). The heart Ay is described in the following 
way: 


Aw = (C(d — a; — ag —1),--- , C(O), V(Oz) : £ E X)ex. 
Below we calculate the Hom groups between the above generators. 
Lemma 3.15. For 0 < j < d — aı — a2, we have the following: 


: RY, (i,j) = (1, a1), (1, a2) 
(34) Hompyure (w) (CJ), C(0)) = 4 Ro, (i,j) = (2,41 + a2) 
0, otherwise. 


Moreover the natural map 
(35) Hom?’ (C(ai + a2), C(0))“ > 
@ Hom (C), C(0))” 8 Hom (C(j + 7’), C) 
j,5'€{a1 a2} 
sends 1 E€ Ro to z1 ® £2 — Lp Q xı under the isomorphism (24). 
Proof. By the same argument of Proposition [3.8} we have 


(36) Hominy) (C(s), C(0)) S Exty, 2(CG), C(0)). 
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Then (84) is easily obtained by computing the RHS of (86) using the 
resolution: 


(37) --- > R(—a, — d)ÐR(—az — d) % R(—d) © R(—a, — a2) 
+, R(—a1) ® R(—a2) S T R > C(0) > 0. 


Here h and h’ given by matrices 


= Wi —22 1 Tı T2 
o (H), we) 
Next we consider the map (85). We write W1, Wz as 
Wi = t1ı1Wi + t2Wi2, We = z1Wa1 + £2W21 


for homogeneous elements Wp, € A. Let xy € RY, be the dual basis 
of £k E€ Ra,, and we regard them as elements of the RHS of for 
(i, j) = (1,a,%). Then xy is represented by the morphism of complexes 


Similarly x¥ is represented by 


R(ag — d) © R(—a,) > Rlay — a1) @ R(0) Ra) 


; | 


R(—a;) ® R(—az) R(0) 0. 


(£1 ,©2) 


Here 7; are projections onto the i-th factor, and g; are given by matrices 


n Wii 0 2x Wai 1 
n= Wie —1 ’ g2 = Woo 0 
The image of z¥ @ xY by the dual of is computed by composing 
the above morphisms of complexes. By restricting the map m © gı (a2) 
to the second component of R(aı + az — d) ® R(0), we see that xy Q xY 


is mapped to —1Y, where 1Y is the dual basis of 1 € Rọ. Similarly 
x) Q xy is mapped to 1Y. By dualizing, we obtain the result. 


Remark 3.16. By and (36), an element u € Ry, determines the 
extension in gr-R 


0 > C(0) > M, > Chai) > 0. 


The graded R-module M, is isomorphic to C(0) 6 C(a;) as a graded 
C-vector space, and the action of x; is given by sending 1 € C(0) to 
u(x) € C(a;). 
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Next we compute the Hom groups between C(j) and U(Q,,) for closed 
points x E€ X. Let M(x) be the graded R-module defined by (81). We 
have the following lemma: 


Lemma 3.17. Suppose that 0 < j < d — aı — a, and x E X is 
represented by (pı, p2) E€ C?. Then we have 


, Cuj, 1=1,7j€ [0, a2) 
(39) Hombre (w) (CÈ), U(Ox)) = 4 Coz, i=2,j € [ar a1 + a2) 
0, otherwise. 


Here uj and vj are regarded as elements 
Uj = Pie—j+a, P Pre—j+ap E M(x)-j+0, D M(2)-j40, 


Uj = VE jtd DE j+aı+a2 = M(x)~j+a P M(x)_j+ar400 


where v := Wo(p1, p2)/pı = —Wi(p1,p2)/p2- If j € [a1, a1 + a2), the 
natural map 


(40) Hom? (C(4), ¥(Oz))” > 
GQ Hom! (CH), C(j’))” 8 Hom(C(j’), Y0)” 


j'E{j—a1 ,j—a2} 
sends the dual basis v¥ to por, Q uy_,, — Pita @ uj_,, under the iso- 
morphisms (94), (89). (Here we set uy_,, =0 if j — a >a. ) 
Proof. Similarly to the proof of Lemma [3.15| we have the isomorphism 
(41) Homiyrre (w) (C(), W(Oz)) = Etap CUI: M(x)). 


Applying Hom,;r(*, M(x)(—j)) to the exact sequence (37), the RHS 
of (41) is computed by the i-th cohomology group of the following 
complex 


(42) 0 M(x); P M(2)-j+a B M(2)-j4az 


*h(p1;p2) 
= M(z)-j+a ® M(2)-j+ar+02 
th’ (p21 ,p2) 
= iC area cae p Mt) ja aves me rr 
Here h(pj, p2), h’(pi, p2) are the substitution of (£1, £2) = (p1, p2) to the 
matrices (38). Then (89) easily follows by noting that every non-zero 
maps in the complex (42) are rank one. The image of vy by the map 
is computed similarly to (85), so we omit the detail. 


The above computations enable us to describe Aw in terms of quiver 
representations with relations. Here we only discuss the case of a; = 
az = 1. Recall that, given a set of objects (Fiy,--- , Fo, Fi), the ext- 
quiver Q(F.) is defined as follows: the set of vertices is 


{1.2 cee VS 
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and the number of edges from j to j’ is the dimension of Ext'(F;, Fy), 
which we identify with a basis of Ext (F;, Fy)“. The following lemma 
may be well-known, but we include the proof later in Subsection 2.6] 
because of a lack of a reference. 


Lemma 3.18. Let D be a triangulated category with finite dimensional 
Hom spaces, generated by an ext-exceptional collection (Fy, -- , F2, Fi). 
Let A be the heart of a bounded t-structure on D given by the extension 
closure of all F; for1 <i < N. Suppose that there is a partition 


{1,---,N}=P,U---UP, J > 7 of 7 © Pay’ © Py k >k. 
such that, by setting F, := jep, Fj, the following condition holds: 
(43) Ext’ (Fy, F,) = 0 unless (i, k' — k) = (1,1), (2, 2). 


Then A is equivalent to the abelian category of Q(F.)-representations 
with relations generated by the images of the following natural maps for 
ali<k<l: 


(i) Ea ealo) 3 Ext! (Fos, Fea)” @ Ext!(Foyi, BY. 


The following corollary directly follows from Lemma 3.15} Lemma[.17] 
and Lemma 3.18] 


Corollary 3.19. Suppose that a, = a2 = 1 and we write 


X = {p® = (pp?) € Pl: 1 <i <d}. 


Then Aw is equivalent to the category of representations of the quiver 
of the form 


wO 
níd) 
= d—3 ï f 
(45) vt 3) xi) O x yO 
(d—3) (1) 
X3 X3 
ní!) (1) 
e 


with relations given by 
XL 9X0 =XLPXP, PaO = pax! 


for all2<i<d—3 and1 <j <d. The vertex v corresponds to 
C(i) and w corresponds to UV(O,.)). 


By investigating the filtration (83), we are able to describe C(—e)[—1] 
in terms of a representation of a quiver (45). The following corollary 
is a straightforward adaptation of Corollary Remark and 
Remark [3.161 
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Corollary 3.20. In the situation of Corollary|3.19 the object C(—e)|—1] 
in Aw is the representation of the quiver given as follows: 


C 
o 7 
T — Ly R = 
(46) a 2 Re Seis Re 3 p : 
T2 T2 . 
r(t) C 


e 
Here nt): Rg > C is the evaluation at p®) = (pp. 


3.5. Description of Ay via coherent systems. In this subsection, 
we assume that € = —1 and describe the heart Aw in terms of coherent 
systems on X. Let us recall the definition of coherent systems. 


Definition 3.21. A coherent system on a Deligne-Mumford stack X 
is data 


V 20x F 


where V is a finite dimensional C-vector space, F E€ Coh(X) and s is 
a morphism in Coh(X). 


The category of coherent systems on X is denoted by Syst(X). The 
set of morphisms is given by the commutative diagrams in Coh(X) 


V @ Ox -—+F 
V' @ Ox 2+ F’. 


Obviously Syst(X ) is an abelian category. We have the following propo- 
sition: 


Proposition 3.22. Suppose thate = —1. Then we have an equivalence 
of abelian categories 


O: Syst(X) 4 Aw. 


Proof. Let us take a coherent system (V & Ox + F) on X. By 
Lemma [8.12] the morphism s is regarded as an element 
s € Homymre(w)(V @ C(0), Y(F)[1]). 
The cone of s’ determines an object in Ay. The correspondence 
O: (F,s) + Cone(s’) 


is a functor from Syst(X) to Aw because, as in the proof of Proposi- 
tion [3.8] we have the vanishing Hom(C(0), ¥ Coh(X)) = 0. 
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Conversely, let us take an object Æ € Ay. There is an exact sequence 
in Aw 
(47) 0> UF) > E >V 8C0)—>0 


for a finite dimensional vector space V and F € Coh(X). By Lemmal3.12] 
the extension class € of (47) is regarded as an element 


E € Hom(V 8 Ox, F). 
The pair (F, €’) determines an object in Syst(X). The correspondence 
O': E+ (F, £’) 
is a functor from Aw to Syst(X) since (C(0), Y D? Coh(X)) is a semiorthog- 


onal decomposition of HMF®(W). 
Obviously we have 


o' o0 = idsyst(X), Oo o' = idAw 
hence © is an equivalence. 


Combined with Lemma and Remark we immediately ob- 
tain the following corollary: 


Corollary 3.23. Suppose that € = —1. Then the object C(1)[-1] € 
Aw is given by 


C(1)[-I] YO (Hx, Ox(1)) @ Ox > Ox(1)) , 


Here s is the canonical evaluation morphism. 


3.6. Proof of Lemma [3.18] Finally in this section, we give a proof of 
Lemma [3.18] The proof is straightforward, and probably well-known. 
We recommend the readers to skip this subsection at the first reading. 


Proof. We denote by I the set of relations generated by the images of 
(44). Let Rep(Q(F.), I) be the category of O(F,)-representations with 
relation I. We divide the proof into three steps. 


Step 1. 
We construct the functor 

®: A —> Rep(Q(F,), J) 

in the following way: for an object E € A, it admits a filtration 
O=hKy CH C---ChH=E 

such that E;,/E,_1 is written as 

E/E = F; 2V; 

JEP 

for finite dimensional vector spaces V;. By the exact sequence 
(48) 0 > Ex/ Epi > Epis /ER-1 > Exsi/E, > 0 
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we obtain the linear maps 
(49) jj: Vy Q Ext (Fy, Fj)’ > V; 


for 7’ € Prii, j © Ph, which defines the Q(F,)-representation ®(£). 
In order to show that the representation ®(F) satisfies the relation J, 
consider the composition of extension classes of (48): 


60) QD Frewy-> QD Fev > O7 ev. 
J" EPka j'EPk+1 JEP, 
The above composition must vanish since it coincides with the compo- 
sition 
Fuse! En > Ek+1/Ek-1[1] > Ek+1/Ekl1] > Ex/ Ex—-1[2] 
where the left morphism is the extension class of 
0 > Er+1/Ek-1 > Ek+2/Ek-1 > Er+2/Ek+1 > 0. 


By applying Hom(Fj, *) for j” € Pk+2 to (60), taking the adjunction 
and (j”,7)-component for j € Px, we see that the map 


Vre GD (Ext! (Fy, Fy)” @ Ext (Fp, Fi)Y) > V; 
EP R41 
given by the sum of the composition 


(51) XO b515 © gjy 


JEP E41 


is zero on Vj ® Ij, where Ij; is the image of (44) restricted to 
Ext?(Fj.F;)’-component. This implies that ®(£) satisfies the relation 
I, hence it is an object in Rep(Q(F,), I). 


Step 2. 


The correspondence E ++ ®(F) obviously determines a fully faith- 
ful functor from A to Rep(Q(F.),/), since (Fiy,--- , F2, Fi) is an ext- 
exceptional collection. It remains to show that ® is essentially surjec- 
tive. Let us take an object 


W € Rep(Q(F.), T). 


It consists of finite dimensional vector spaces V; for 1 < j < N and 
linear maps whose composition is zero on Vj Q Ij; for 
(j", j) € P42 x Pk. We need to show the existence of E € A so 
that ®(E) = W. 

By the induction on l, we may assume that the assertion holds for 
l— 1. We set full subcategories A; C D as follows: 


Ak = (Fj: J € Ppl <k < kje 
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Let Q(F%) be the ext-quiver for A;_; and define the relation I’ by re- 
stricting I to Q(F!). The category Rep(Q(F%), J’) is naturally consid- 
ered as a subcategory of Rep(Q(F.), I), and there is an exact sequence 


(52) 03-W'=>WaW,>0 
where W” € Rep(Q(F%), I’) and W; is written as 
W, = P €j &® V. 
JEP, 


Here e; is the simple object in Rep(Q(F,),/) corresponding to the 
vertex 7. 

By the assumption of the induction, there is an object E’ € Amı 
such that ®(E’) & W’. By the exact sequence (52), it is enough to 
show that the map 
(53) a: Ext)(Fj, E’) > Extke (€j W’) 
induced by ® is an isomorphism for all 7 € A. Here we have written 
Rep(Q(F,), I) just as Rep for simplicity. 

Step 3. 


We show that the morphism is an isomorphism. Let us consider 
the exact sequence in A 


(54) 0> "> F> E4130 
with E” € A and E; is written as 
B2 P F; @ Vy. 
J'EPi—ı 


By the condition (3), for j € P, we see that Ext)(F;, E”) = 0 and 
there is a natural isomorphism 


Ext, (Fy, E") 3 P Ext2,(F;, Fy) Q Vin. 

j"EP\—-2 
Therefore applying Hom(F;, *) to (64), we obtain the exact sequence 
(55) 0> Ext) (Fj, E) > @ Ext (Fj, Fj) @ Vy 

J €P 

5 @ ELE; Fyn) Vy. 
jUEP\_2 
On the other hand, there is an exact sequence in Rep(Q(F%), J) 
0> W" > W' > P ey ® Vp 30 


j'EPi—1 
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such that W” = ®(E”). Since Extk,,(€a,€a’) = 0 unless a € Py, 
a’ € Py with k — k’ = 1, we have Extg,,(e;,W”) = 0 for any j € P, 
Therefore we obtain the commutative diagram 


0 ——+ Ext 4(F;, E’) — Per Ext4(F}, Fj) 8 Vy 


6 
— Exthep (Cs, w') — Ber, Extiten (€j; ej) Q Vy. 


Here y is an isomorphism induced by ®. By the above diagram, it 
follows that a is injective. On the other hand, the composition 


Boy too: Extizep (Es, W’) > P Ext, (55, iy) Q Vin 
GVEP}_9 


vanishes, since any object given by an extension class in the LHS satis- 
fies the relation J. Therefore a is surjective, hence an isomorphism. 


4. CONSTRUCTION OF GEPNER TYPE STABILITY CONDITIONS 


In this section, we propose a general recipe on a construction of a 
desired Gepner type stability condition. We first compute the central 
charge Zg in terms of generators of Aw, and try to construct ag via 
tilting of Aw. In what follows we assume that the stack X in (22) 
is a smooth projective variety, i.e. X does not contain stacky points. 
As in the previous section, we denote by VW := W, the Orlov’s fully 
faithful functor from D? Coh(X) to HMF®"(W), which is an equivalence 
ife = 0. 


4.1. Computation of the central charge (e = 0 case). In this 
subsection, we explain how to compute Zg in the case of e = 0. If 
€ = 0, X is a Calabi-Yau manifold of dimension n — 2, and Aw is 
equivalent to Coh(X) via Y. Let us consider the group homomorphism 
given by 


(56) Zao v: K(X) >C. 
The above group homomorphism is described in terms of Chern char- 
acters on K(X). Indeed, a fundamental theory on Hochschild homol- 


ogy groups implies that Y induces the isomorphism WV,: HHo(X) = 
HH)(W) such that the following diagram commutes: (cf. [PV12) Sec- 
tion 1]) 


D? Coh(X) ——> HMF®"(W) 


al o 


HH, (X) "> HH (W). 
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We also have the Hochschild-Kostant-Rosenberg isomorphism 
HHo(X) > H(X) := HŽ (X, 0%) 
j=0 


such that its composition with ch: D? Coh(X) — HHo(X) coincides 
with the classical Chern character map [Cal05| Theorem 4.5]. Since 
our central charge Za factors through the Chern character map on 
HMF®(W) (cf. Remark and the Poincaré pairing on HQo(X) is 
perfect, the group homomorphism (56) is written as 


n—2 
Bw > | Qj -ch;(E) 
j=0 Y X 


for some a; € H"™?-}”—?-3(X). Here by an abuse of notation, we also 
denote by ch(E) € HQo(X) the classical Chern character of E € K(X), 
and by ch;(E) its H?4(X)-component. 

On the other hand, let us consider the autoequivalence F of D? Coh(X) 
defined by 


F = STox oQ Ox(1). 


By Proposition [8.2] the above autoequivalence corresponds to the grade 
shift functor 7 on HMF®™(W) via the equivalence Y. By the Riemann- 
Roch theorem, the autoequivalence F acts on ch(£) for E € D? Coh(X) 
in the following way 


F,: h(E) + e” ch(E) — (| e” ch(E) tax) -1. 
X 
Here H is the first Chern class of Ox(1). The above action naturally 


extends to the linear isomorphism on HQ 9(X), given by the composi- 
tion of the matrices 


l= tn—2 —tn-3 —to l 0 0 

0 1 ae 0) A 1 0 

ae fe D 0 
0 0 1 H"-2 Hr- 1 


(n—2)!  (n-3)! 


Here t; is the H(X )-component of tdx, and we regard an element in 
HQo(X) as a column vector. The Gepner type property of the central 
charge Zg is translated into the following linear equation on a;: 


(57) (Qo, ae , An—2) -M= ewe g (ao, Ter , An—2)- 


By Lemma [2.15] the solution space must be one dimensional, so 
it determines the group homomorphism uniquely up to a scalar 
multiplication. 
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In practice, it is more convenient to work with a smaller subspace in 


HQ (X). Let C(H) be the subspace in HQ9(X) defined by 
n—2 
C(H) = CH’. 
j=0 


We have the following lemma: 
Lemma 4.1. The solution space of (57) is contained in C(H). 


Proof. Let C(H)+ be the orthogonal complement of C(H) in HQo(X) 
with respect to the Poincaré paring. We have the direct sum decom- 
position 


H(X) = C(H) @ C(H)+ 


and F, preserves the above direct summands. Since tdy € C(H), Fx 
acts on C(H)*+ via multiplication by e”, which is unipotent. Hence all 
the eigenvectors of the action F, on C(H)+ have eigenvalue 1, which 
implies that the solution space of (57) is contained in C(H). 


By the above lemma, it is enough to solve the equation (57) for 
a; E€ CH" ?4. The ambiguity of the scalar multiplication is fixed by 
the following lemma: 


Lemma 4.2. We have the equality 


(58) f Qo = I] (1 2 eee) 
x jal 


Proof. By Lemma [3.12] the object Y4(C(0)) is isomorphic to Ox[1]. 
Since € = 0, the functor Y is an equivalence, hence VY = W-!. It 
follows that Y(Ox) is isomorphic to C(0)[—1]. Then the equality 
follows by applying the homomorphism to Ox, and using the 
computation in Example 


Now the a; € CH”"*~/ are uniquely determined by the equation 
(57) and the normalization (58). However for our purpose, it is more 
convenient to consider a different normalization of Zgo WV. Namely 
we write Zao V as a multiple of some non-zero complex number and 
a central charge on HMF®*"(W) whose image of V(O,) is —1. This is 
possible by the following lemma: 


Lemma 4.3. For any x € X, we have Z¢(V(O,)) = —Cw where Cw 
is given by 


(59) Cw := —(1- v4) 


J 


@ _ ee) 


1 


n 
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which satisfies 


1 ee 
(60) Cw E Roe I”, Ow = Fee ae (>: a; + 1) . 


d 


j=1 


Proof. The equality follows from Example and Lemma [3.10 
The property (60) follows from 


1 — e7? _ 2sin nO - (3-8) tv=T 


We summarize the result in this subsection as follows: 


Proposition 4.4. Suppose that € = 0. Then for E € D’Coh(X), the 
central charge Zg(V(E)) is written as 


(61) Ze(WE)) =w © fal chy(e) 


where (a},--- ,al_,) satisfies al c€ CH” *-), and it is the unique so- 


lution of the linear equation 


(62) (af, te" ala) -M = es j (a, eae al i at =-l. 


2 —n— 2 


4.2. Computation of the central charge (e < 0 case). The pur- 
pose of this subsection is to reduce the computation of Zg in the case 
€ < 0 to that of the case e = 0. The strategy is to embed X into 
n — 2 —«-dimensional Calabi- Yau manifold X and relate Zg with the 
central charge on X. We set 


A= Cz, sty En, nyl; `t) , Tn—e] 


and consider the element W € A defined by 


~ 


W =W +rf atear’ 


n—eE' 


Since we assume that X does not contain stacky points, the stack 


— 


K= (W =0)c Pits? an, ly-o* yd) 


also does not contain stacky points. The variety X isa projective 
Calabi-Yau manifold with dimension n — 2 — €, which contains X as a 
zero locus Tyi4 = ** = Bye = O. 

Let R be the graded ring A/ (W). There is a natural push-forward 
functor 


A 


ix: D&(R) > DE(R) 


by regarding a graded R module as a graded R-module via the surjec- 


A 


tion R —> R. (cf. [Ued].) Combined with the equivalence and the 
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functor Y = WV, in (24), we obtain the diagram 
(63) HMF®"(W) —*> HMF® (W) 
j : 
D? Coh(X) > D’ Coh(X). 
Here i: X > X is the inclusion and W is the equivalence, obtained 


by applying the same construction of Y to W and X. We have the 
following lemma: 


Lemma 4.5. The diagram (63) is commutative. 


Proof. The result follows from the definitions of Y, W and the adjunc- 
tion for EF € D? Coh(X) 


EDR Home (Ogli), iE) = E RHomx(Ox(j), E). 


j21 j21 


The top arrow i, of the diagram (63) obviously commutes with grade 
shift functors on both sides. Also by the functoriality of the Hochschild 
homologies, we have the push-forward functor 


— 


i,: HH,(W) > HH, (W) 


which preserves the one dimensional eigenspaces in Lemma [2.15] on 
both sides. By Remark [2.16] the composition 


Zooi: K(HMF*(W)) > K(HMF*(W)) > C 
differs from Za by a scalar constant, where Zo is the central charge 
(14) on HMF®™(W) applied for W. Since 7,C(0) = C(0), it follows that 
ZAP) = (1 =V FZP) 
for any P € HMF®(W) by comparing Z@(C(0)) and Ze(C(0)) given 
in Example In particular, using the diagram (63), it follows that 


ü= e2tv=1/d)-1 Il (1 _ eens) 


j=l 


=: —Cyw 


where Cw coincides with the one defined in (69). As a summary, we 
have the following: 


Proposition 4.6. Suppose thate < 0. For E € D? Coh(X), the central 
charge Zg(V(E)) is written as 


(64) Zo(U(E)) = Cw D i al - ch,(i.E) 
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where (@j,,--- ,@)_» .) satisfies 

ale ci, Hc (Os(1) 
and it is the unique solution of the equation (62) for be 


Note that al is computed by the argument in the previous subsection, 
since X is Calabi-Yau. Later we will use the following data: 


(65) Ze(U(O,)) = -Cw 
é Roe Ow) 


Zo(C()) = Owe? VT (1 — ev=) 


E Rye 
Here x € X and Ow € Q is defined by (60). The relation is a con- 
sequence of the above arguments and the computation in Example [2.8] 


4.3. A recipe constructing Gepner type stability conditions. In 
this subsection, we explain how desired Gepner type stability conditions 
are constructed. We divide the construction into 3-steps: construction 
of a slope stability on Aw, construction of og via tilting of Ay, and 
checking the Gepner type property of og. In the next section, we will 
apply the recipe here in the case of n— 4 <e <0. 


Step 1. 


Our first step is to construct an analogue of a slope stability on Ay. 
This is a map 


(66) u: Aw > RU {+00} 


satisfying the weak seesaw property: for any exact sequence 0 > F > 
E —> G —> 0 in Ay, we have either 


WF) < (E) < u(G) or 
H(F) > WE) > p(G). 
The above slope function defines the p-stability in Aw: 


Definition 4.7. An object E € Aw is u-(semi)stable if for any exact 
sequence 0 > F +> E> G — 0 in Aw, we have the inequality 


HCF) < (S)u(G@). 


We require that u-stability satisfies the Harder-Narasimhan property, 
i.e. for any E € Aw, there is a filtration in Aw 


0= Eo CHK, C.e CEy=sE 


such that each subquotient F; = E;/E;—1 is u-semistable with u(F;) > 
u(Fi+1) for all i. 


Step 2. 
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Suppose that there is a slope function u as above. We define a pair 
of full subcategories (7,,, Fp) by 
(67)  Ta:= (E € Aw: E is p-semistable with u(E) > 0)ex 
F, := (E € Aw : E is p-semistable with u(E) < 0)ex. 


The existence of Harder-Narasimhan filtrations in p-stability implies 
that (Tu, Fa) is a torsion pair on Aw. (cf. [HRS96].) We define Ag to 
be the associated tilting: 


(68) Ag := (Fa, Tul—-1)ex C HMF® (W). 


The category Ag is the heart of a bounded t-structure on HMF® (W). 
We try to construct a desired stability condition from the heart Ac, 
by the following: 


Definition 4.8. We say that a triple 

(69) (Z¢,Ac,9), OER 

determines a stability condition if the following condition holds: 
e For any 0 FE € Ag, we have 

(70) Zg(E) € {ret : r > 0,6 € (6,04 1]}. 


e Any object in Aw admits a Harder-Narasimhan filtration with 
respect to Zg-stability. 


Here Zg-stability and its Harder-Narasimhan filtrations are defined 
by the same way as in the p-stability, by replacing u by arg Za(*) € 
(0,0+1]. Ifthe triple (69) determines a stability condition, it associates 
a pair 
(71) ac = (Za, {Pa(¢)}oer), Palo) c HMF*(W) 


in the following way: we define Pg(¢) for ¢ € (0,0 + 1] to be 


Palo) = {E € Aw : Ze-semistable with Z¢(F) € R>oe Tt} U {0} 
and other Pg(¢) are determined by the rule 


Po(o+1) = Pali) 


If 0 = 0, the above construction is nothing but the one given in |Bri07! 
Proposition 5.3], and the same argument applies to show that is 
a stability condition. Below for an interval J C R, we set 


Po lL) := (Palo): ¢ € Dex: 


Note that Pa((0,0 + 1]) coincides with Ag by our construction. We 
require the local finiteness of our stability condition, i.e. for any ọ € R, 
the quasi-abelian category Pc((¢—46,@+6)) is noetherian and artinian 
for0<d<« 1. (cf. Definition 5.7].) It in particular implies that 
any object E € Pal) admits a Jordan-Hélder filtration. 
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Remark 4.9. The local finiteness condition holds if the image of Zg is 
discrete. By Remark|2.10, this is always satisfied in the cases studied 
in the next section, so we will not take care of the local finiteness. 


Step 3. 


In this step, we assume that the triple (69) determines a stability 
condition ag. We expect that og is a Gepner type stability condi- 
tion with respect to (7, 2/d). To show this, we consider the following 
stability condition 


2 
(72) roa (Z) = (Ze {PbO ber) 
where PG(¢) is given by 
/ = 2 
Polo) =T “Pa (o+ >) . 
It is enough to show that coincides with og. This is equivalent to 


that P&((0,0 + 1]) = Pe((8,6 + 1]), or equivalently 


(73) (da) = Pa ((9+ 5.045411). 


We show the equality by investigating og-stability of simple ob- 
jects in Aw. When n = 2 we have the following lemma: 


Lemma 4.10. Suppose that n = 2 and the following inequality holds: 
1 
(74) Ow ---—- <A0<O0w+1. 


If rV(O,), C(1),--- ,C(—e) are og-semistable for all x € X, then the 
equality holds. 


Proof. Let ¢, be the phase of r% (O,) for x € X and ¢; the phase of 
C(j) for 1 < j < —e. Since 7W(O,) and C(j) for 1 < j < —1 — € are 
objects in Aw, and Ag is obtained as a tilting of Aw, the phases @,, 
ġ; are contained in (0,0 + 2] for 1 < j < —1 — e. On the other hand, 
the condition (74) implies that 


2 1 3 

(75) a Ee a es 

i. 9-1—<). 3 
-<0 = + — +- <0 +2. 
e au ne ed 

By comparing (75) with (65), we obtain 

2 1 2 3 
=U 1+-, = -+= +- 
(76) $ prir e Oy- Ons at ars 
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for 1 < j < —1 — e. We show that (76) also holds for 7 = —e. By 
Lemma B.1]] we have C(—e)[—1] € Aw. Therefore if C(—e) is og- 
stable, then we have either 
(77) C(-e) € Ag[l], ¢-.€(04+1,042] or 
(78) C(—e) € Ag[2], -eE (0+ 2,643]. 
In the case of (77), the equality (76) also holds for j = —e by the 
inequalities (75). In the case of (78), we need to exclude the case of 
2 
P-e = -1e +2 + a 


If this happens, then ¢_;_- < 0 + 1, and Lemma and imply 
that 


Zq(C(—e)[-1]) € {R> ™* : $ € (6,0 + D}. 


This contradicts to that ¢_- € (0 + 2,0 + 3], hence (76) also holds for 
j= NE. 
Note that 7(Aw) is generated by 7U(O,) for all x € X and C(j) for 
1 < j < —e, whose phases are given by (76). By the inequality (74), 
we have 
2 1 2 3 
2 l1 2 3 ._ 4 
6+—52 Owt>G-[+5-j=o-<-J 
r oting that there is no non-trivial homomorphism from 


for 7 > 2. N 
P(¢) to P(¢’) if 6 > g', it follows that 


(79) Hom“! (Pe ((6 + 7 0+ z + i}) 7(B)) =0 


for any E € Aw. Similarly the inequality (74) implies 


2 2 
i =O 14+->604-41-j 
da=Owt1t+>>0+5+1-3 
for 7 > 1. It follows that 


(80) Hom*? (r(E),Po ((8+5,8+5+1])] =0 


for any E € Aw. The above vanishing (79), (80) imply that the RHS 
of is obtained as a tilting of r( Aw). Hence the result follows from 
Lemma below: 


We have used the following lemma: 


Lemma 4.11. Let D be a triangulated category, A C D the heart of a 
bounded t-structure on D, and Z: K(D) > C a group homomorphism. 
Suppose that there are torsion pairs (Tk, Fk), k = 1,2 on A such that, 
for Be = (Fr, Tk|—1])ex the associated tilting, both of the triples 

(81) (Z, B,,0), (Z, Bo, 0) 


determine stability conditions. Then Bı = By. 
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Proof. We may assume that 0 = 0. Let us take an object E € Ti. Since 
(T2, F2) is a torsion pair, there is an exact sequence in A 


0> FO E>G>0 


such that F € Jy and G € Fy. Also since (Ji, F1) is a torsion pair, 
objects in J; are closed under quotients, hence G € Ji. Suppose that 
G # 0. Then since (8I) determine stability conditions for 0 = 0, 
it follows that Im Z(G) = 0. Hence the condition G € F implies 
Re Z(G) € Reo but the condition G € To implies Re Z(G) € Ryo, 
which is a contradiction. Therefore G = 0, and Ti C J follows. Sim- 
ilarly 72 C J also holds, hence Ti = 7 holds. Because F; is an 
orthogonal complement of 7, in A, we have Fı = Fo, hence B, = By 
holds. 


Next we discuss the case of n = 3. In this case, we need to add an 
extra check of og-stability. 


Lemma 4.12. Suppose that n = 3 and the following inequality holds: 
(82) Ow -=-—=- AH <0 < Oy. 


Suppose furthermore that TW(O,) is oq-stable, C(1),--- ,C(—e) are 
dg-semistable and the following holds for alla € X: 


(83) r-°W(O,) € Pe (1 +O + a 2) , 


Then the equality holds. 


Proof. By following the proof of Lemma we have the vanishing 
(79), for E = U(O,), C(0),--- ,C(—1 — £) with x € X. Below 
we show the above vanishing also holds for E = Y(F) for any F € 
Coh(X). Then the RHS of (73) is shown to be a tilting of T(Aw), 
hence Lemma [4.1] is applied to give the result. 

Let us take an object 


(84) Aer Pe ( (64 5.0+5+1]] 
and let 
YE: HMF®(W) —> D’ Coh(X) 
be the right adjoint functor of UV. We claim that Y?(A) € D? Coh(X) 
satisfies 
(85) Hİ(YË(A))=0, forj £0,1. 


The above property will be proved in Sublemma [4.13] below, and we 
continue the proof assuming this fact. Let us take the distinguished 
triangle in HMF®(W) 


(86) wuF(A) > ASB 
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where B satisfies 
Be (C(-1-e),--- ,C(0)). 
For a coherent sheaf F on X, we apply Hom(W(F’),*) to the distin- 
guished triangle (86). Since B is right orthogonal to Y D? Coh(X), and 
W*(A) satisfies the condition (85), we have 
Hom*<°(7rU(F),7(A)) & Hom<°(F, U"(A)) 
=0 

which proves the vanishing for E = (F). 

Similarly applying Hom(*, U(F’)) to the triangle (86), and noting 
that 

Hom<~'(WW"(A), U(F)) = Hom<—'(W*(A), F) 
= 0 
by the property (85), we see that the vanishing (79) for E = Y(F) is 
equivalent to 
(87) Hom“! (B, U(F)) & 0. 
To show (87), note that the vanishing (79) for E = C(j),0 < j < —l-e 
and the triangle (86) imply 
Hom<'(B,C(j)) £0, j =0,--+,-l-e. 

Therefore, if we denote by AY (B) € Aw the i-th cohomology with 
respect to the t-structure on HMF*'(W) with heart Aw, then we have 
H',,,(B) = 0 for i > 1. Since U(F) € Aw, this implies that holds. 
Therefore the vanishing (79) for E = Y(F) holds. 


We have used the following sublemma: 
Sublemma 4.13. The condition holds. 
Proof. We investigate the vanishing 
(88) Hom? (W*(A),O,) =0 
for x € X and j € Z. By the Serre duality on X, adjunction and 
applying 7, the vanishing is equivalent to 
(89) Hom(7rW(O,)[j — 1], 7(A)) = 0. 
We first show that (89) holds for any j < —1 and x € X. Applying 


the Serre functor Sw = 7-*{1] on HMF®'(W), the vanishing (89) is 
equivalent to 


(90) Hom(r(A)[—3], 7° *U(O,)) = 0. 
On the other hand, by the assumption (82), we have the inequality 
J . 2(1—«) 
g6+--j>1+4+0 — 
F 7 J3 Z 1+80w + F 
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for j < —1. Therefore by our assumptions (83) and (84), the vanishing 
(90) holds for j < —1. 
Next, we have the inequality 
2. ok 2 
Ow t1+54+j-1>6+=41 

d d 
for 7 > 2 by (82), hence the vanishing holds for j > 2. Moreover 
the above inequality, hence the vanishing (89), also holds for j = 1 
unless 6 = w holds. Suppose that 0 = Ow holds, and let P be the 
oc-Harder-Narasimhan factor of r(A) with the maximum phase. Note 
that r% (Oz) is gg-stable with phase 0w + 1+2/d, which is bigger than 
or equal to the phase of P. Therefore the vanishing of (89) for j = 1 
does not hold only if we have 


d 


and TW(O,) is one of the Jordan-Hdlder factors of P. It follows that, 
by taking the Jordan-Holder filtration of P, there is a distinguished 
triangle 


(91) TW(Q) > 7(A)  7(A’) 


2 
Pe Pe (ty +145) 


where Q is a zero dimensional coherent sheaf on X, A’ is an object in 
the RHS of (84), such that the vanishing holds for j > 1 after 
replacing A by A’. 

Applying YË o T~! to (QI), we have the distinguished triangle 


Q > W*(A) > Y?(A'). 


The above argument shows that, after replacing A by A’, the vanishing 
holds unless j = —1,0. It follows that Y?(A’) is a two term 
complex of vector bundles on X, whose cohomologies are concentrated 
on degrees 0 and 1. Since Q € Coh(X), we conclude that HI(YE(A)) = 
0 for j # 0,1. 


By the above results, the problem is reduced to showing og-stability 
of some objects in HMF*(W). The following lemma is useful in check- 
ing the og-stability of these objects. The proof is obvious, and we omit 
it. 


Lemma 4.14. Let D be a triangulated category, Z: K(D) —> C a group 
homomorphism and A C D the heart of a bounded t-structure on D. 
Suppose that the triple (Z, A,0 = 0) determines a stability condition 
on D, and the following condition holds: 


Cmin ‘= inf{Im Z(E) > 0: E € A} > 0. 


Then an object E € A with Im Z(E) = min is og-stable if and only if 
Hom(P, E) = 0 for any P € A with Im Z(P) =0. 
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5. PROOF OF THEOREM [1.3] 


In this section, we apply the strategy in the previous section and 
prove Theorem [1.3] Below we use the same notation in the previous 
section. In particular the constants Cw € C* and 0w € Q are defined 
as in Lemma [4.3] both in £ = 0 and £ < 0 case. The goal is to prove 
Conjecture when 


n-4<e<0 


and X does not contain stacky points. Since we already discussed the 
case with n = 1 and n = 2, € = 0, the following five possibilities are 
left: 


(n, €) = (3,0), (2,—1), (4,0), (8,-1), (2, —2). 


We divide the proof into the five subsections, so that each subsection 
corresponds to one of the above types. We repeat similar arguments 
in these subsections, so we recommend the readers to follow only one 
or two cases, e.g. (n,€) = (4,0) or (3,—1), at the first reading of this 
paper. 

5.1. The case of n = 3, ¢ = 0. In this subsection, we study the case 
of n = 3 and e = 0. In this case, X is a smooth elliptic curve, and the 
heart Aw is given by 


Furthermore possible data (a1, dg, a3, d, Je H) are classified into the 
three types [Sai87| Table 2] 


(1,1, 1,3, 3) 
(92) (oazama, f n) = (2, 1, 1,4,2) 
x (3,2, 1,6, 1). 


The central charge Zg is described as follows: 


Lemma 5.1. Suppose that n = 3 ande =0. For any E € D? Coh(X), 
we have 


(93) Ze(U(£)) = 


on f -a +r(E) (cos = — i) ea Z l 


Here we set (r(E), d(E)) = (rank(E), deg(E)). 
Proof. The equation (62) becomes 


—_ p2ny—I/d _ H —1 
i l—e _ 
(ap; =1) ( H Ix 1 e2tv—I/d ) z 0, 


giving fy al = eyi 1, 
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We set the slope function u in (66) to be the constant function u = 
—1, so that the resulting heart Ag in (68) coincides with Ay. We have 
the following result: 


Proposition 5.2. Suppose that n = 3 and e = 0. Then the triple 
(94) (Ze, Aw, 8 m Ow) 


determines a Gepner type stability condition og on HMF®(W) with 
respect to (7, 2/d). 


Proof. Note that, since X is an elliptic curve, the space of stability 
conditions on D? Coh(X) is completely described in Section 9]. 
Since Aw = Y Coh(X), and the central charge Zg is given by (93), it 
follows that the triple satisfies the condition (70). Then the same 
argument of Example 5.4] shows that the triple determines 
a stability condition og on HMF®™(W). Now we are going to apply 
Lemma/4.12] Note that the inequality (82) is satisfied in this case. For 
a point x € X, we have 


TU(Oxr) = Y(Ox(—x)[1]) 


by Proposition [8.2] Since the above object is ag-stable with phase 
1+ Ow + 2/d, Lemma [4.12] implies that og is a Gepner type stability 
condition with respect to (7,2/d). 


5.2. The case of n = 2, e = —1. In this subsection, we study the 
case of n = 2, e = —1. In this case, X is a finite number of smooth 
points, and the heart Ay is given by 


Aw = (C(0), U(O,) : £ E€ X ex. 
The following lemma immediately follows from (65): 


Lemma 5.3. If we write the K-theory class of an object E E€ Aw as 


[E] = vo[C(0)] + ` we[t(0;)] 


cEx 


and set w := Do ey Wz, then Zg(E) is given by 


2 
Zal E) = Cw f-u + vo (1 — cos =) — Ug sin rath : 


In the notation used in Subsection the polynomial W is of type 
(a1, @2,1,d), which must belong to one of the classifications in (92). 
Furthermore, applying LemmaB.17/and Lemma3.18] we see that Aw is 


equivalent to the abelian category of representations of a certain quiver 
Q. By the above arguments, the possible types of (a1, a2, d, 1X, Q) are 
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A 
(a1, da, d, 1X) = (1, 1,3,3), Q = Larr 
e 
a 

(a1, a2, d, 1X) = (2, 1,4,2), Q = 
e 


(a1, a2, d, 1x) > (3, 2,6, 1), Q = © —o 


r) 


classified as follows: 


Here the left vertex of the quiver Q corresponds to C(0), and the right 
vertices correspond to U(O,) for x € X. In all the above cases, we 
set u = —1 so that the heart coincides with Aw. We have the 
following result: 


Proposition 5.4. Suppose that n = 2 and € = —1. Then the triple 
5 


determines a Gepner type stability condition og on HMF®(W) with 
respect to (7, 2/d). 


Proof. By Lemma.[5.3} it follows that the triple (95) satisfies the condi- 
tion (0). Since Ay is noetherian and artinian, the triple satisfies 
the Harder-Narasimhan property (cf. Proposition 2.4]) hence it 
determines a stability condition ag on HMF®*(W). In order to show 
the Gepner type property of og, it is enough to check the assumption 
of Lemma[4.10] Since the inequality (74) is satisfied, it remains to show 
the og-stability of r¥(O,) and C(1) for all x € X, which we prove in 
the next lemma. 


Lemma 5.5. The objects TV(O,) and C(1) are og-stable. 


Proof. As for TV(O,), it fits into a unique non-trivial extension in Aw 


by Lemma and Remark 
0 > U(O,) > TV(O,) > C(0) > 0. 


Therefore U(O,) is the only non-trivial subobject of T¥(O,) in Aw. 

Comparing the argument of Z¢(*), we see that TW(O,) is Zg-stable. 
As for C(1), note that the object C(1)[—1] is contained in Aw by 

Lemma B.II] Let 0 4 F € Aw be a proper subobject of C(1)[—1] in 
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Aw. As in Corollary [3.20] the inclusion F C C(1)[—1] is represented 
by the following inclusion of quiver representations: 


Wwtts) C 


(0) 
F= aw -c CHH] = A 
wo) mm SC 
(J $ 


Here R, is the space of degree one elements in R = Cf|z1, £2], whose 
dimension is #X — 1. The morphisms nr: R, > C are evaluations at 
the points in X, and V©, W© are finite dimensional vector spaces 
with VO C R,, dimW < 1. Let I be the subset of i € {1,--- , 4X} 
satisfying W = 0. Then we have 
yore ()Ker(x) 

icI 

hence dim V < §#X — 1 — |Z|. Since we have 
Ze(C(1)[-1]) = Cw {-#X + (#X — 1) - (1 — e=) } 
Zal = Oy fiz —#X +dimV®.(1— geva 


it follows that the argument of Zg(F) is less than that of Z¢(C(1)[—1]) 
in (70,70 + 7]. Therefore C(1)[—1] is ag-stable. 


5.3. The case of n = 4, £ = 0. In this subsection, we study the case 
of (n,e) = (4,0). In this case, X is a smooth projective K3 surface, 
and the heart Ay is given by 


Aw =W Coh(X). 


By Theorem B.I] the triangulated category HMF® (W) is equivalent to 
D? Coh(X) via the equivalence Y. On the other hand, the spaces of 
stability conditions on K3 surfaces are studied by Bridgeland [Bri08}. 
Combining the techniques in |Bri08| with the arguments in Subsec- 
tion we construct a desired Gepner type stability condition on 
HMF®*(W). 

Let us first describe the matrix M which appears in the equation 
(67). By writing ie H? = 2m for m € Zsy, the matrix M is given by 


—-l-m -H -l 
(96) M = H 1 0 
m H 1 


By using the above description, we give a classification of possible types. 
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Lemma 5.6. If n = 4, the possible data (a1, a2, a3, a4,d, fy H?) is 
classified into the two types: 


(97) (caravan, f i) E l 
X 


Proof. By (Q6), we have 
det(M — à - id) = —(A+ 1){\? + (m— 2)\ 4+ 1}. 


Since det(M — \- id) = 0 for \ = e#2"V—1/4, we have 
2 cos (27/d) = m — 2. 


This is only possible for (m, d) = (2,4), (1,6). In the latter case, the 
possibility (a1, a2,a3,a4) = (2,2,1,1) is excluded since the stack X 
always contains a stacky point. Therefore we obtain the classification 


0D. 


Remark 5.7. In the type (1,1,1,1,4,4) case, X is a quartic K3 sur- 
face. In the type (3,1,1,1,6,2) case, X is a double cover of PP. 


In order to describe the central charge Zg, it is convenient to use the 
twisted Mukai vector. For B € H?(X,R), we set 


(98) v? (E) := e” ch(E)ytdx. 


We denote by v? (E) the H*'(X)-component of v?” (E). The central 
charge Zg is computed in the following way: 


Lemma 5.8. By setting B = —H/2, the following holds for E € 
D? Coh( X): 


(99)  Z@(W(E)) = 
Cw (2%) + TPE) A oe TO . 


Proof. By (96), the equation (62) becomes 


—1 — m — ey- 14 —H =] 
(al, at, —1) H 1 — e?7y14 0 =0 
m H 1 — e?" V-14 


which gives 
at —erv=d_y dt E y 
x 0 : 1 1 eanv=l/d* 


Applying the classification in Lemma [5.6] a straightforward computa- 
tion shows the result. 
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Remark 5.9. The equality (99) is written as the integral 


(100) Ze(¥(E)) = —Cw L e-VHF) 


where w € RsoH satisfies fy w? = d/4. 


By setting B = —H/2, we consider the slope function u on Aw = 
Y Coh(X), defined by 
v” (E)- H 
MUE) =". 
Here u(Y(E)) is defined to be co if E is a torsion sheaf. The above u- 
stability coincides with the classical slope stability condition on Coh(X ) 
via Ų. As we discussed in Subsection the slope function u defines 
a torsion pair (67) on Aw, and the associated tilting Ag is given by 
(68). We have the following result: 


Proposition 5.10. Suppose that n = 4 and e = 0. Then the triple 
(101) (Za, Ac, 0 = Ow — 1) 


determines a Gepner type stability condition ag on HMF®(W) with 
respect to (T,2/d). 


Proof. Instead of the triple Q01), we consider the triple 
(102) (Zi, := Ze/Cw, Acll], 0 = 0). 


Obviously, the triple (0I) determines a stability condition if and only 
if the triple (102) determines a stability condition. If the latter holds, 
then by Remark [5.9] the resulting stability condition is W, of one of 
stability conditions on D’Coh(X) constructed in Section 6]. 
Therefore, applying Lemma 6.2], it is enough to show the follow- 
ing: for any spherical torsion free sheaf Æ on X, one has Zi (U(E)) ¢ 
R<o. The proof of this fact requires some more arguments, so we leave 
the proof to Lemma [5.11] below. We continue the proof assuming this 
fact. 

By the above argument and Lemma [5.II] the triple (01) determines 
a stability condition ag on HMF*(W). It remains to show that oq is 
Gepner type with respect to (7, 2/d). To show this, let us consider the 
objects TU(O,[—1]) for x € X. By Proposition B.2] we have 


TW(O,[—1]) S V(I) € Ag[]] 
where I, C Ox is the ideal sheaf which defines x. In Lemma [5.12 
below, we see that Y(I}) is ag-stable, hence it lies in Pg (Ow + 2/d). If 
we set og to be the stability condition defined as in (72), this implies 
that 


HOI) € Pa (0w +2) = Polo) 
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for any x € X, and it is oG-stable. Since X is a K3 surface, this implies 
that Po((Ow — 1, 4w]) is obtained as a tilting of Aw = U(Coh(X)), 
by the argument of Lemma 10.1]. Therefore P&((@w — 1, 0w]) 
coincides with Ag by Lemma|4.1]] which shows that og is Gepner type 
with respect to (7, 2/d). 


Lemma 5.11. For any spherical torsion free sheaf E on X, one has 
Zi(U(B)) £ Reo. 


Proof. This is equivalent to saying that, for any spherical torsion free 
sheaf E on X with v? (E) - H = 0, one has 


(103) —v? (E) + ou (E) > 0. 


Since Æ is a spherical sheaf, we have v?” (E)? = —2, where the square is 
defined in the Mukai lattice of X. (cf. [Bri08] Lemma 5.1].) Combined 
with v? (E) - H = 0 and the Hodge index theorem, we have 


0 > vP (EY) = wp (EW? (E) — 2. 
Noting that vë (E) > 0, we obtain vë (E) < 1/vť (E), hence 


d 1 d 
(104) —vř (E) + zw (E) > FB) {gu ey - i} 
The RHS of is positive if vë (E) > 2. Therefore we may assume 
that vë (E) = 1, ie. E is rank one. Since E is a spherical sheaf, this 
implies that FE is a line bundle. 
Let l be the first Chern class of Æ. Since v?” (E) - H = 0, we have 
l- H = —H?/2, and v?(E) is written as 


Suppose by a contradiction that does not hold for a line bundle 
E. Then, combining with the Hodge index theorem, we obtain 
2 2 
Fs 2 4 << = 
4 47 ~ 4 

Since we have only two cases, (d, H?) = (4,4), (6,2), and /? is an even 
integer, it follows that 1? = 0. Also since —l - H is either 2 (when X is 
a quartic K3 surface) or 1 (when X is a double cover of P?) it follows 
that the linear system | — l| defines an elliptic fibration X — Pt. In 
particular, its general fiber is a smooth elliptic curve C € | — l| in X. 
However this is a contradiction: when X is a quartic K3 surface, we 
have the Castelnuovo inequality 


g(C) < 5(H-C~1)(H-C-2) =0 


which contradicts to g(C) = 1. When X is a double cover of P?, if 
nm: X — P? is the double cover, then H -C = 1 implies that z|¢ is an 
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isomorphism between C and a line in P?, which contradicts to that C 
is an elliptic curve. Therefore (103) also holds for a line bundle E. 


Lemma 5.12. The object V(UI,) E€ Ac[1] is og-stable. 


Proof. It is enough to show the Zj,-stability of U(I,) with respect to 
the triple (102). By Lemma [5.8] we have the following: 


(105) Im Zi(Ag[1]) c Va x Zao). 


We first consider the case (d, H?) = (6,2). In this case, the imaginary 
part of ZŁY (I)) is v3/2, that is the smallest positive value of the 
RHS of (105). Therefore by Lemma the Z{-stability of Y(T») 
follows from 


(106) Hom(P, U(I,)) = 0 


for any P € Ag[1] with Im Z)(P) = 0. The above vanishing holds since 
W—!(P) is given by an iterated extensions of zero dimensional sheaves 
and objects U{1] for torsion free -stable sheaves with u(U) = 0. 

Next we consider the case (d, H?) = (4,4). In this case, Z).((1,)) = 
/—1, whose imaginary part is the twice of the smallest positive value 
1/2 of the RHS of (105). Therefore, besides the vanishing (106), we 
need to show the following: if there is an exact sequence in Ag|{1] 


0> P, > VU,) > P, 3 0 


with Im ZP = 1/2, then we have the inequality in (0, 7] 
T 
arg Zi(P,) < arg Zi,(U(Ip)) = 7 
In order to show this, we first observe that Y(Ox) € Ag[I] is Z)-stable 
by [BMT] Proposition 7.4.1]. Since W(J,) is a subobject of Y (Ox) in 
Acli], and Z)(U(Ox)) = —1 + V—I, we have 
3 
arg ZĻ(P,) < arg Z(V(Ox)) = a" 
Since the image of Z{ is contained in sZ+ vaz, and Im ZÌ (P}) = 1/2, 
the above inequality implies that arg Zi(P,) < 7/2. It remains to 
exclude the following case: 
y—l1 
Z} (Pi) = ZŁ(P:) = EE 
Indeed, we see that there is no object P € Ag[1] such that ZŁ(P) = 
y —1/2. Suppose that such an object P exists, and let 


ch(W~"P)V/tdx = (r,l, s) € H°(X) @ H?(X) @ H(X) 
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be the (untwisted) Mukai vector of U-!P. Then the condition ZŁ(P) = 
V/—1/2 is equivalent to 
l-H+2r=1, 1-H+2s=0. 


This is a contradiction since both of r and s are integers. 


5.4. The case of n = 3, € = —1. In this subsection, we study the 
case of (n,e) = (3,—1). This case seems to be the most interesting 
case studied in this paper, as a construction of og has to do with the 
study of coherent systems on the smooth projective curve X. Indeed 
in Proposition [3.22] we constructed an equivalence © between the cat- 
egory of coherent systems on X and the heart Aw, given by 


Aw = (C(0), Y Coh(X)) ex. 


Below we abbreviate © and regard any coherent system (OY" — F) 
on X as an object in Aw. = 

In the notation of Subsection [4.2] the polynomial W is of type 
(a1, @2,a3,1,d), which must belong to one of the classifications (97). 
There are two possibilities: 


(a a9, d) = l (1,1,1,4), X is a genus 3 curve 
1; 42; U3, = 


(3,1,1,6), X is a genus 2 curve. 
The Calabi-Yau manifold X is a K3 surface which is either a quartic 
surface or a double cover of P?, and it contains X as an element in the 
linear system X € |H|. The central charge Zg is described in terms of 
coherent systems as follows: 


Lemma 5.13. For any coherent system (OS® > F) on X, we have 


Z(O" > F) = 


Cy {oan +R (1 és z) „yad (e) — z) val 


2 


Here we set (r(F), d(F)) = (rank(F), deg(F)). 


Proof. The result follows from (64), (65), Lemma 5.8]and an easy com- 
putation. 


By setting Zi := Za/Cw, we define the slope function u on Aw by 
=m O > F) 


uo > F) := R 
R?d /1 r(F) 
aor) e o 


Here we set u(x) = —oo if R = 0. 
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Lemma 5.14. Any object in Aw admits a Harder-Narasimhan filtra- 
tion with respect to -stability. 


Proof. Although Aw is a noetherian abelian category, we have to take 
a little care since the condition in [Tod10a\ Proposition 2.12] is not 
satisfied in this case. Instead, we apply the argument used in 
Theorem 2.29]. Let C C Aw be the subcategory consisting of objects 
(OS? +, F) such that s is surjective. Note that the right orthogonal 
complement C+ consists of objects of the form (0 > F’). Any object 
(OS? £ F) € Aw fits into the exact sequence 


(108) 0 => (08% 5 Ims) > (O¢* 5 F) > (0 > Cok(s)) 3 0 


showing that (C,C+) is a torsion pair on Aw. Furthermore, since 
u(*) = —œ on C+, we can easily see the following: an object E € C is u- 
semistable if and only if for any exact sequence 0 > FE, > E > Ey > 0 
in C, we have p(E1) < (E2). (ef. Lemma 2.27].) Since C is 
a noetherian and artinian quasi-abelian category, an argument sim- 
ilar to Theorem 2.29] shows that any object in C admits a 
p-Harder-Narasimhan filtration. Combined with (108), any object in 
Aw admits a p-Harder-Narasimhan filtration. 


Remark 5.15. By the proof of the above lemma, we see the following: 
if an object (OQ? ++ F) is u-semistable, then either s is surjective or 
R=: 


Before discussing the construction of ag, we review Clifford type 
theorem for coherent systems established by Newstead-Lange [LNO8]. 
For a smooth projective curve C and a € Ryo, recall that the a-stability 
on Syst(C) is defined by the slope function 
d(F)+a-R 

PF) 
Here the above slope function is set to be oo if r(F) = 0. 


Theorem 5.16. ({LN08) Theorem 2.1, Remark 2.3]) Let C be a smooth 
projective curve of genus g(C) > 2, and a € R>o. Then for any a- 
stable coherent system (OS? — F) with 0 < d(F) < 2g(C)-r(F), we 


have 
(110) R< a“ +r(F). 


(109) (08E = F) => 


Moreover if C is non-hyperelliptic, then the equality holds in (110) only 
if (OQ? — F) is isomorphic to either 
(111) H? (Oc) © Oc > Og or H? (we) 8 Oc > we. 

Using the above result, we have the following lemma, which plays 


a crucial role in constructing a Gepner type stability condition on 
HMF® (W): 
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Lemma 5.17. Let (Of" + F) be a -stable object in Aw such that 
R=2r(F)>0. Then we have 


(112) d(F)>R (1 — cos =| 


Proof. By the u-stability, the morphism s is surjective (cf. Remark[5.15) 
hence d(F’) > 0. Also the RHS of is R if d = 4 and R/2 if d = 6. 
In both cases, they are smaller than 2g(X) -r(F) = g(X) - R, so we 
may assume that d(F) < 2g(X)-r(F). Comparing the p-stability 
in (107) and the a-stability in (@09), we see that the p-stable object 
(OP — F) is a-stable for a > 0, since the set of quotient sheaves of 
F with bounded above degrees is bounded. Therefore, applying Theo- 
rem [5.16] we obtain the inequality d(F’) > R. It remains to check that 
the equality d(F) = R does not hold if d = 4. In this case, X is a quar- 
tic curve, so it is not hyperelliptic. Also H°(Qc) is one dimensional, 
H? (wc) is three dimensional, hence the objects do not satisfy our 
assumption R = 2r(F). Therefore the case d(F) = R is excluded. 


As we discussed in Subsection the slope function u defines a 
torsion pair (67) on Aw, and the associated tilting Ag is given by 
(68). We have the following result: 


Proposition 5.18. Suppose that n = 3 and e = —1. Then the triple 
(113) (Za, Ac, 0 = Ow) 


determines a Gepner type stability condition ag on HMF®(W) with 
respect to (T,2/d). 


Proof. Obviously the triple (£13) determines a stability condition if and 
only if the triple 


(114) (Z} = Zg/Cw, Ag, 6 = 0) 


determines a stability condition. By the construction of Ag, any non- 
zero object E € Ag satisfies Im Z),(E) > 0. Moreover Lemma [5.13 
and Lemma imply that if Im Z(E) = 0, then ReZ)(E) < 0 
holds. Therefore the triple satisfies the condition (70). Also by 
Lemma [5.13] the image of Z is discrete, which enables us to apply 
the same argument of Proposition 7.1] to prove the Harder- 
Narasimhan property of the triple Q14). Therefore the triple (114), 
hence (113), determines a stability condition. Let 


oa = (Za, {Pa(¢)} oer) 


be the stability condition on HMF*(W) determined by the triple (113). 
We need to show that og is Gepner type with respect to (7, 2/d). Note 
that, in our situation, the triple satisfies the inequality in (82). 
Therefore, by Lemma it is enough to check the og-stability of 
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TW(O,), C(1) and r?W(O,). The stabilities of these objects are proved 
in Lemma [5.19] Lemma [5.21] and Lemma [5.23] below. 


Below we check the og-stability of the objects 7TW(O,), C(1) and 
7?U(O,). Let o} be the stability condition on HMF® (W) determined 
by the triple (114). It differs from og by an action of C, so it is enough 
to check the oh,-stability of these objects. 


Lemma 5.19. For any x € X, the object TV(O,) is of,-stable. 


Proof. By Lemma [3.10] the object 7V(O,) is an object in Aw, given 
by the coherent system (Ox — Oz). It is -stable with u(*) > 0, hence 
TW(O,)[—1] E€ Ag. On the other hand, we have 


v Hd 
1 X Z>0 : 


(115) Im Zi,(Ag) C 


The imaginary part of Z),(r¥(O,)[—1]) is v Fd/4, which is the small- 
est positive number in the RHS of (15). By Lemma /4.14] it is enough 
to check that there is no non-zero morphism from any object P € Ag 
with Im Zi(P) = 0 to U(O,)[-1]. Since r¥(O,)[—1] € Aw[-1], and 
P € Aw by Sublemma[5.20]below, there is no non-zero morphism from 
P to TU(O,z)|[-1]. 


We have used the following sublemma. The proof is obvious from 


the construction of Ag, and we omit it. 


Sublemma 5.20. A non-zero object P E€ Ag satisfies Im ZMP) = 0 
if and only if P € Aw, and it is given by an iterated extensions of 
u-stable coherent systems (OQË + F) with (OSE > F) = 0, and 
coherent systems of the form (0 + O,) fory e X. 


Next we check the stability of C(1). 
Lemma 5.21. The object C(1) is of,-stable. 


Proof. By Corollary [3.23] we have the isomorphism (again we abbrevi- 
ate O) 


C(1)[-1] = (Ox 8 Ri + Ox(1)) 


such that s is the natural evaluation map. In particular H°(s) is an 
isomorphism, and s is surjective since Ox(1) is globally generated. 
Then we apply Sublemma 5.22] below to show that C(1)[—1] is pz-stable. 
The slope u(C(1)[—1]) equals to 1/6 if d = 4 and 0 if d = 6. In the 
former case, C(1)[—2] € Ag, and the imaginary part of Z},(C(1){—2]) 
is 1, which is the smallest positive value of the RHS of (115). Hence o4- 
stability of C(1)|—2] follows from the same argument of Lemma[b.19] In 
the latter case, C(1)[—1] € Ag and the imaginary part of Z4,(C(1)[-1]) 
is 0. Hence the o},-stability of C(1)[—1] follows from its p-stability and 
Sublemma [5.20 
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Sublemma 5.22. For an object (O2" 5 £L) € Aw with R > 0 and 
L € Pic(X), it is p-stable if s is surjective and H°(s) is injective. 


Proof. Suppose that s is surjective and H°(s) is injective. Let 
0S (08 > Lı) > (0$ > £L) S102" > Lə) > 0 


be an exact sequence of coherent systems. It is enough to show the 
inequality 

(116) (OSE > L) < (OS™ > Lo). 

By our assumption, £; # 0 and Ry Æ 0, hence Lz is a zero dimensional 


sheaf. Therefore the RHS of (116) equals to 1/2, while the LHS of 
(116) is less than 1/2. Hence (116) holds. 


It remains to prove the following lemma: 
Lemma 5.23. The object 7°V(O,) is an object in Pg(Ow +1+4/d). 


Proof. Applying T to the exact sequence (82), we obtain the distin- 
guished triangle in HMF*"(W) 


TW(O,) > 7?U(O,) > C(1). 


Combined with Lemma B.I0] and Corollary 3.23] the object 7?U(O,) is 
obtained as a cone of the morphism of coherent systems: 


Ör R= Oxi) 


n| |» 


Ox Oz. 


Here s is the evaluation map and (7,72) is the morphism of coherent 
systems. Since (71,72) is non-zero, both of 71, y2 are non-zero, hence 
they are surjective. Therefore the object t?Y(O,)[—1] is given by the 
coherent system 


(117) (Ox ® Ris 3 Ox(1) 8 Ip). 


Here Ri» is the subspace of Rı which vanishes at x, and J, is the ideal 
sheaf which defines z. 

First suppose that d = 4. In this case, Rix is two dimensional, 
and s, is surjective since any of two lines in P? determined by generic 
two elements in Ri x intersect only at x transversally. Also H°(s,) is 
injective since H°(s) is an isomorphism. Therefore the coherent system 
(117) is u-stable by Sublemma [5.22] Since = 0 for the coherent 
system (117), we have 7°W(O,)[—1] € Ag, and it is og-stable. In 
particular 77U(O,) is an object in Pg(Ow + 2). 

Next suppose that d = 6. In this case, Ri, is one dimensional, and sy 
is not surjective at x. In particular the coherent system is not u- 
semistable. However we can show the Z),-stability, hence o},-stability, 
of in the following way: the sheaf Ox(1) & J, is isomorphic to 
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Ox(a’) for another point x’ € X, and (117) is isomorphic to the coher- 
ent system 


(Ox +s Ox(x"')) 


where s’ is a natural inclusion. There is an exact sequence of coherent 
systems 


(is) O(025 0,)510, 3 O07) S03 02) 56. 


Both of the objects (Ox 4 Ox) and (0 > Ox) are p-stable with 
negative slopes, hence the object is an object in Ag. Also the 
imaginary part of Zi (Ox — Ox(z’)) is 3/2, which is the smallest 
positive value of the RHS of (115). Therefore by Lemma it is 
enough to check that there is no non-zero morphism from P € Ag 
with Im Zi(P) = 0 to the object (Ox > Ox(z’)). This follows from 


Sublemma [5.20] since both of (Ox A Ox) and (0 > Ox) are -stable 
with negative slopes, and the exact sequence (118) does not split. 


5.5. The case of n = 2, ¢ = —2. Finally in this subsection, we study 
the case of (n, £) = (2, —2). In this case, X is a finite number of smooth 
points, represented by points p% = ( G) p) E C? for 1 <j < EX. 
The heart Aw is given by 

Aw = (C(1), C(0), (Oz) : £ E€ X ex. 
By Lemma and Lemma [3.18] the heart Aw is equivalent to the 


abelian category of representations of a certain quiver Q with relations. 
As in the previous subsection, we have the following possibilities: 


(A) 
X r) 


X2 


(a1, a2, d, 1X) = (1,1,4,4), Q s 


(a1, a2, d, 1X) _ (3,1,6,2), Q = e 
a) 


Also by Corollary [3.19] in the d = 4 case, we put the the following 
relation: 


(119) pTO X, =p r9X,, 1<j <4. 


There is no relation in the d = 6 case. By and the above classifi- 
cation, the central charge Zg is given as follows: 
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Lemma 5.24. If we write the K-theory class of E € Aw as 
(120) [E] = v [C(1)] + vo[C(0)] + $ wlt 00) 


j=1 


for vj, w; € Z>o, then we have 


d 
_ 20 Im . An 
+ {sin ta + (sin = sin) u} va}. 


X 
Here we set w := Da wj. 


2 
Zal E) = Cw {-w + (1 — cos =) Uo + V1 


By setting z := Zga/Cw, we define the slope function u on Aw by 


e T 
p(B) = 27) 


1 2T 
= — (o + (1 — cos = vo) — 1. 
w d 


Here we set u(E) = œ if w = 0. The above slope function defines the 
-stability on Aw. Since Aw is noetherian and artinian, any object in 
Aw admits a u-Harder-Narasimhan filtration. (cf. Proposi- 
tion 2.12].) We prepare the following lemma: 


Lemma 5.25. For any non-zero -stable object E E€ Aw with p(E) = 
0, we have Im Zi,(E) < 0. 


Proof. In the case of d = 6, we have Im ZŁ(E) = —V/3v9/2, which is 
non-positive. If vg = 0, the condition u(E) = 0 implies vı = w Æ 0. 
Therefore E decomposes into direct sums, which contradicts to the 
p-stability of E. 

In the case of d = 4, the claim is equivalent to that if E is u- 
stable with vg + vı = w Æ 0, then vı < vo. Let us represent F as a 
representation of Q: 


(121) e= 


r) wo w 
e 


where V® are v;-dimensional and W® are w;-dimensional. Suppose 
by a contradiction that vı > vp. By the relation (119), we have the 
linear maps for 1 < i < 4 


(122) p® X — p® X: v® > Ker(r®). 
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Because of the condition w ¥ 0, there is 1 < i < 4 such that w® F 0. 
Also the p-stability of Æ implies that + is surjective. Therefore the 
assumption vı > vo implies that dim V® > dim Ker(z™), and there 
is a non-zero element v € V“) which is mapped to zero by (122). Let 
us consider the sub quiver representation of generated by v. By 
taking account the relation into consideration, the corresponding 
subobject F C E in Aw has the K-theory class either 


[C0] or [CA] + [C0)] or [CA)] + [CO] + HOw)! 


Hence we have ju(F’) > 0, which contradicts to the p-stability of Æ with 
p(E) = 0. 


As before, the slope function u defines a torsion pair (67) on Aw, 
and the associated tilting Ag given by (68). We have the following 
result: 


Proposition 5.26. Suppose that n = 2 and € = —2. Then the triple 
1 
(123) (2e,Ac,0= tw +3) 


determines a Gepner type stability condition og on HMF®(W) with 
respect to (7, 2/d). 


Proof. The triple (123) determines a stability condition if and only if 
the triple 


(124) (2 = Za/Cw, Aa, 8 = 5) 


determines a stability condition. By Lemma [5.24] Lemma 5.25]and the 
construction of Ag, the triple satisfies the condition (70). Also 
since the image of Z4 is discrete, the same argument of Propo- 
sition 7.1] shows the Harder-Narashiman property of (124). Therefore 
the triples (123), ([24) determine stability conditions og, a}, respec- 
tively. Since they only differ by a C-action, by Lemma[4.10] it is enough 
to check the o},-stability of rY (O+), C(1) and C(2). These are checked 
in Lemma [5.27] Lemma [5.28] and Lemma [5.29] below. 


Lemma 5.27. For any x € X, the object TV(O,) is of,-stable. 


Proof. By Lemma[3.10] we have 7U(O,) € Aw. By the exact sequence 
(82), the object TV(O,) is u-stable with non-positive slope. Therefore 
7U(O,) is an object in Ag. In the d = 4 case, we have Z},(r¥(O,)) = 
—/—1. Since the image of Z. is Z+Z,/—1, this immediately implies 
that 7V(O,) is at,-stable. In the d = 6 case, note that Re Z} (x) 
on Ag is contained in Z<o x 1/2. Since Re Zi(rV(O,)) = —1/2, by 
Lemma [4.14] it is enough to check that Hom(P,7W(O,)) = 0 for any 
P € Ag with Re Zi(P) = 0. By our construction of Ag, we have 
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P € Aw, and it is p-semistable with u(P) = 0. Since 7r¥(O,) is 
pi-stable with negative slope, we have Hom(P,7V(O,.)) = 0. 


Lemma 5.28. The object C(1) is of,-stable. 


Proof. Since C(1) is p-stable with (C(1)) = co, we have C(1)[-1] € 
Ag. In the d = 4 case, note that Re Z} (x) is contained in Z<g. Since 
Re Zi(C(1)[-1]) = —1, by Lemma it is enough to check that 
Hom(P,C(1)[-1]) = 0 for any P € Ag with Re ZŁ(P) = 0, which 
follows since P is an object in Aw. In the d = 6 case, let EF be a 
non-trivial quotient of C(1)[—1] in Ag. Since Z),(C(1)[-1]) = —1, it 
is enough to check that Im Z),(E) < 0. To check this, note that we 
have E € Aw since C(1) is a simple object in Aw. Let us write the 
K-theory class of E as in (120). Since Im ZB) = —1/3up/2 is non- 
positive, it is enough to exclude the case of vp = 0. If vo = 0, then 
E is a direct sum of objects C(1) and W(O,) for x € X. Then there 
is a non-zero morphism from C(1)[—1] to Y(O,), which contradicts to 
Lemma 


Lemma 5.29. The object C(2) is ot,-stable. 


Proof. We first discuss the case of d = 4. In this case, by Corollary [8.20] 
the object C(2){—1] is an object in Aw represented by the following 
quiver representation 


rí?) 
-o c 
e 


Here R, is two dimensional and Rə is three dimensional. We first 
show that C(2)[—1] is y-stable. Let Æ be a subobject of C(2)[—1] in 
Aw given by a representation (ZI), with v := dimV™ and w := 
Pa dim WO). Let I be the subset of i € {1, 2,3,4} such that W®) = 
0. Similarly to the proof of Lemma 5.5] we have the inequality v® < 
3— ĮI. Also we may assume that v® < 1, since otherwise F coincides 
with C(2)|—1]. Therefore we obtain the inequality 


v9) +9 <4- [Il =w 
which implies that u(E) < 0 < w(C(2)[-1]) = 1/4. Therefore C(2)[—1] 
is p-stable with positive slope, hence we have C(2)[—2] € Ag. Since 
Zi,(C(2)[-2]) = —1 + VZ], and the image of Z4, is Z + ZVI, by 
Lemma the o},stability of C(2)[—2] follows if we check that 
Hom(P, C(2)[—2]) = 0 for any P € Ag with Re ZĻ(P) = 0. This 
follows since P € Aw and C(2)[—2] € Aw[—]]. 
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Next we discuss the case of d = 6. By Lemma B.II the object 


C(2)[-1 


| € Aw is represented by the following quiver representation 


o 
N 


C 
id 
id 


The above object is obviously p-stable. Since u(C(2)|—1]) = —3/4, it 
follows that C(2)[—1] € Ag. Also we have Z},(C(2)[—1]) = —(1/2 + 
3,/—3/2), and Re Z},(x) is contained in Z<o x 1/2 on Ag. Apply- 
ing Lemma [4.14] the o},-stability of C(2)|—1] follows if we check that 
Hom(P, C(2)[—1]) = 0 for any P € Ag with Re ZÌ (P) = 0. Since such 
P is a p-semistable object in Aw with u(P) = 0, and C(2)[—1] is u- 
stable with negative slope, it follows that we have Hom(P, C(2)[—1]) = 


0. 


BM11] 


BMT 


Bri07 
Bri08 


Brill 


C8105] 
CP10] 


CR10] 


DM] 
Dyc11] 


FJR] 


HRS96] 
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